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Abstract - RTE and Energinet.dk developed a common
market simulation tool called ARES. It is a supply function
equilibrium model that simulates an integrated market of
several zones with different prices interconnected by lines
whose flows are restricted. Many companies can be imple-
mented, that may have assets in different zones, in order to
represent the economical reality in Europe. Different pro-
duction mixes are considered and a simple representation of
the network is used. We apply this tool to a quite simple case
and show the results one can obtain.
Keywords - market power, market maker, simulator,

oligopoly, Nash Equilibrium

1 INTRODUCTION

THE power markets in Europe are more and more
opening to competition. Moreover, there is a growing

interest among the continental european countries about
market coupling. However, in most european countries
there exist big incumbent generators that hold power on a
large part of the country’s generation capacity. Thus, com-
petition may be weak and markets may fail to force prices
down to marginal prices. Many questions arise then as to
what may happen to prices subject to the actual rules and
actual situation of markets. Another question concerns the
impact of changes on the potential prices: what may be the
impact of changes of rules or concentration of the market
on the potential behavior of the marketers ?

Oligopoly simulation models [1, 2, 3, 4, 5] are per-
haps one of the most powerful tools in exploring market
power and its impact on markets by explicitly incorpo-
rating into one model many of the structural, behavioural
and market design factors that are related to market power,
including concentration, demand elasticity, supply curve
bidding, forward contracting, and in some cases transmis-
sion constraints. Although no modelling approach can be
used to predict prices in oligopolistic markets, there ap-
pears to be agreement that equilibrium models are valu-
able for gaining insights on modes of behaviour and rela-
tive differences in efficiency, prices, and other outcomes of
different market structures and designs. As a result, these
models can then be used to explore the above questions.

Equilibrium market models differ in many ways, in-
cluding the market mechanisms modelled, the type of net-

work constraints taken into account, and computational
methods. Analysis of the theoretical and practical differ-
ences between different approaches are given in [6, 7].

To study the questions about the impact of changes
of rules or concentration of the market, Energinet.dk1 and
RTE developed a common simulation tool, ARES. This
tool is based on an existing tool, MARS [8], developed
by ELTRA. ARES is a supply function equilibrium model
that simulates an integrated market of several zones with
different prices interconnected by lines whose flows are
restricted. Many companies are implemented, that may
have assets in different zones, in order to represent the
economical reality in Europe. Different production mixes
are considered, such as hydropower, nuclear power and
conventional means. An elastic representation of the de-
mand by a Cobb-Douglas function has been chosen. The
bid of each generator is composed of the marginal cost
plus a markup, that each company fixes so as to optimize
its profit. A Nash equilibrium is reached when no com-
pany has any incentive to unilaterally change its bids. In
the current formulation of the problem, we assume that the
market players are price takers with respect to the price of
transmission charged by the TSOs and therefore the price
of transmission is not a decision variable for them.

In this paper, we first describe the two-level formu-
lation of the problem: one optimisation problem to de-
termine the marginal price of the market taking into ac-
count all the strategic decisions of the companies and one
where each company is maximising its profits by consid-
ering the decisions of the other companies as fixed. We
then propose an original formulation of the problem that
transforms the initial bi-level problems into one problem
for each company: maximize the profit of one company
while the mark-ups of the other companies are held con-
stant. We eventually show the results obtained on a very
simple test. We illustrate, on this example, the modifica-
tions introduced by the exercise of market power.

2 FORMULATION

The model includes a number of zones, interconnected
by pipes representing tie-lines and a number of market
players (companies). Each company may have assets in
many zones and thus must have a common policy. We

1Energinet.dk is the result of a merger between Eltra, Elkraft and Gastra.
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assume that the demand is elastic and represented by a
Cobb-Douglas function. There isn’t any representation of
the underlying network, except for the tie-lines.

Each company bids a quantity of production in the
market at a price based on the marginal cost plus a markup.
It seeks the optimal markup value so as to optimize its
profit. Then, the central authority that clears the market
decides how much power to buy from which units, how
much power to deliver to customers and what prices to
charge, based on the optimisation of the socio-economic-
surplus. To optimise the socio-economic-surplus the cen-
tral authority uses the bids of the different players rather
than the true cost functions. A Nash equilibrium is
reached when no company has incentive to unilaterally
change its bids.

2.1 Notations

We present hereafter the different notations used to
formulate the problems:

• i is a zone of the network;

• g is a generator;

• c is a company;

• i → j is the interconnection from zone i to zone j;

• x∗ is the optimal value of variable x.

• Cg(.) is the marginal cost function of generator g.
In general, we assume that the marginal cost func-
tion is constant, that is Cg(pg) = MCg(in

�
/MW)

. For some generators, the marginal cost is produc-
tion dependant in a linear way, that is Cg(pg) =
MCg + λpg. For the sake of simplicity, we will
consider that Cg(pg) = MCg throughout this pa-
per. Cost functions for entire companies are step
functions. Since it is easier to have only constants,
each generator is virtually divided in many genera-
tors, with as many generators as steps;

• µc,i is the markup of company c for zone i;

• pg is the production of generator g;

• p̄g is the maximum production of generator g;

• bidg(.) is the bid function of generator g owned by
company i. The bid function depends on the pro-
duction of this generator, but also on the production
of other generators owned by company i that cost
less than generator g;

• Qi→j is the directional flow on the interconnection
line flowing from zone i to zone j;

• Q̄i→j is the maximum exchange permitted in the in-
terconnection from zone i to zone j;

• τi→j is the exchange tariff for exchange from zone
i to zone j;

• πi the price of zone i;

• fi(x) = kx− 1

β is the constant elasticity demand
curve in zone i, where x is the total production in
zone i plus the imports minus the exports. We have
πi = fi(x

∗); The parameters k and β are calibrated
to fit the data we want to simulate and to ensure
that the derivative of the function is always negative.
Calibration parameters are the average load and the
corresponding average price, as well as the elastic-
ity of demand.

For hydro power producers, we chose to use water val-
ues rather than production costs, in order to obtain a more
realistic bidding curve. Indeed, actual variable production
costs for hydro producers are in the short term either equal
or very close to zero, and using these costs would not en-
able us to mimic the behaviour that can be seen from most
hydro power producers. These water values are calculated
ex ante and given to the model.

The companies that adopt a strategic behaviour submit
a linear non-decreasing bid function that is the sum of the
standard marginal cost function and the total production
of the (strategic) generators owned by the company in the
zone times the chosen markup µc, see Fig. 1. Therefore,
the bid for the production of generator g situated at zone i
and owned by company c is the following:

bidg(pg) = Cg + µc,i









∑

k∈c,i
Ck<Cg

pk + pg









The graphs below explain how the bid curve for generator
g is derivated from the agregated bid curve for company c
(that owns generator g) :
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Figure 1: The agregated bid curve for company c is the sum of the
marginal cost curve (left) and of the markup component (right)

The expression of the bid curve for generator g is then
straightforward: it is the sum of the marginal cost MCg

(dotted line on the graph below) plus the corresponding
markup (shaded areas on the two graphs above).
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Figure 2: Total bid curve for company c
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We will hereafter use these notations to write the two lev-
els of the initial problem: one level of maximisation of the
socio-economic-surplus to determine the marginal price of
the market taking into account the bids of the companies
and one level of maximisation of the profits for each com-
pany by choosing adequately its markup.

2.2 Maximisation of socio-economic-surplus

The as bid socio-economic-surplus is defined as fol-
lows:

z = s − pc − ic (1)

where

• s is the consummers’ surplus:

s =
∑

i

(

∫ �
g∈i

pg+impi−expi

0

fi(p)dp

)

(2)

Cobb Douglas function’s integral is infinite near 0,
we thus choose to compute this integral from an ar-
bitrary production level and not from 0. For each
area, this level is arbitrarily chosen as the energy de-
mand at the average price. This creates a shift in the
socio-economic-surplus value that has no influence
on the results.

• pc is the production cost (as bid):

pc =
∑

i,c

∑

g∈i,c

∫ pg

0

bidgdpg

=
∑

i

∑

g∈i

pgMCg

+
1

2

∑

i

∑

c

µc,i





∑

g∈c,i

pg





2

(3)

where c is the owner of the generator g.

• ic is the interconnection costs :

ic =
∑

i,ji6=j

Qi→jτi→j (4)

To determine the marginal price of the market we max-
imise the socio-economic-surplus by taking into account
all the strategic decisions of the companies. In this step,
mark-up factors are fixed to the value given by the differ-
ent companies. The maximisation of the socio-economic-
surplus is formulated as follows:

(SW )















max z
s.t.
0 ≤ pg ≤ p̄g µ1

g, µ2
g

0 ≤ Qi→j ≤ Q̄i→j ν1
i→j , ν2

i→j

(5)

where µ1
g (respectively µ2

g) are the Lagrange variables
associated with the constraint pg ≤ p̄g (respectively 0 ≤

pg) and ν1
i→j (resp. ν2

i→j) the Lagrange variables associ-
ated with the constraint Qi→j ≤ Q̄i→j (resp. 0 ≤ Qi→j ).

The resolution of problem (SW) provides the vector
π∗ of equilibrium prices for each zone, such that π∗

i =
fi(x

∗).

2.3 Profit maximisation

Each company fixes its markups (one for each zone in
which it has some assets) so as to optimise its profits. The
profit Πc of company c is:

Πc =
∑

i

∑

g∈c

pg(πi − MCg) (6)

However, for a company c with market power the price
πi in the above definition of the profit is an endogenous
variable, since the market makers may alter the price of
some zones by adjusting their markups. Indeed, this vari-
able is the result of the optimisation of the (SW) problem
defined above, which uses the markup and the production
of company c. Then, the problem each strategic company
faces is the maximisation of Πc under the constraint "z is
maximal". The structure of this problem is a bilevel op-
timisation, i.e. it is a mathematical program with equilib-
rium constraints for each company, and the resulting mar-
ket equilibrium problem is an Equilibrium Problem under
Equilibrium Constraints (EPEC).

Each company must therefore find the right balance
between:

• adding too high a mark-up and loosing market
shares;

• adding a small mark-up and not taking enough ad-
vantage of its position.

2.4 Compact formulation of the problem

The problem described above is a two-level one: the
first level is the profit maximisation and the second level
is the maximisation of the socio-economic surplus. The
constraint "z is maximal" in the profit maximisation prob-
lem can be converted into equations. Indeed, the initial
problem (SW) is a convex one (see demonstration in §5).
Therefore, forming the Karush-Kuhn-Tucker optimality
conditions for the (SW) problem and using the Lagrange
multipliers corresponding to its constraints, we obtain the
following mixed linear complementarity formulation of
the second-level problem:
∀g

−πi + MCg + µc

∑

k∈c

pk + µ1
g − µ2

g = 0

µ1
g(pg − p̄g) = 0

µ1
g ≥ 0

µ2
gpg = 0
µ2

g ≥ 0































(7)

and ∀i → j

−πj + πi + τi→j + ν1
i→j − ν2

i→j = 0
ν1

i→j(Qi→j − Q̄i→j) = 0
ν1

i→j ≥ 0
ν2

i→jQi→j = 0
ν2

i→j ≥ 0























(8)
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By adequately eliminating the Lagrange multipliers
(based on the above constraints), we obtain the following
set of conditions:

pg(πi − MCg − µc,i

∑

pk) ≥ 0

(pg − p̄g)(π − MCg − µc,i

∑

pk) ≥ 0

(πj − πi − τi→j)(Qi→j − Q̄i→j) ≥ 0
(πj − πi − τi→j)Qi→j ≥ 0

0 ≤ pg ≤ p̄g

0 ≤ Qi→j ≤ Q̄i→j



































(9)

Those equations are in fact intuitive:

• If the bid of a generator (marginal cost + mark-up
times total production) is strictly greater than the
price in the area, then pg = 0. Else, if it is strictly
lower, then pg = p̄g ;

• If the price difference between two areas is greater
than exchange tariff, then Qi→j = Q̄i→j and else
Qi→j = 0.

Therefore, each company solves the following prob-
lem:

max
∑

i

∑

g∈c pg(πi − MCg)

under the constraints (9)

}

(PM) (10)

The above problem is highly non-linear, since both the
objective function and the constraints (equilibrium con-
straints) are non-linear, as well as nonconvex. This for-
mulation has the advantage to have less variables and con-
straints than the standard one: maximising the profits un-
der the constraints (7,8).

3 RESOLUTION

3.1 Algorithm

The problems (10) are highly non-linear, thus the solu-
tion (local optimum) depends greatly on the starting point.
To generate good starting points, we use the solution ar-
guments of the (SW) problem (5) for the case of perfect
competition (by setting the mark-up factors of all compa-
nies equal to 0) and other points, generated to cover as
large a space as possible. We then choose the best result
from the different optimisations. For the algorithm im-
plemented above we used 6 starting points. We use the
platform GAMS [10] to write this problem, and we use
the solver CONOPT [11, 12] , version Conopt3, provided
by GAMS to solve it. Conopt is found to be an efficient
algorithm to solve such highly non-linear problems.

Let c now denote the index of companies with market
power. The maximum number of companies with market
power in the problem is c̄. Respectively, l is the index of
iterations for the research for a Nash equilibrium and l̄ is
the maximum number of such iterations. In our model, we
set l̄ = 7.

In order to find the Nash supply function equilibrium,
the following algorithm, using a Gauss-Seidel iterative
method to solve the multi-company problem, has been im-
plemented:

1. Initialisation: fix all markups to 0: ∀c, i set µc,i =
0; set c to 0 and l to 1;

2. Iteration l:

(a) Increment c: c = c + 1. Is c > c̄?

• YES. We set c back to 0. GO TO STEP
2c;

• NO. At the end of this first step, company
c has market power;

(b) Is c == 1?

• YES. Test for a Nash equilibrium: solve
for all starting points the problem (10) of
maximisation of profit for the company
c = 1. The markups of the other com-
panies are fixed at the values found from
the last optimisation of their own profit,
µc′,i = µl−1

c′,i , ∀c′ > c . We keep the value
of markup corresponding to the great-
est profit found for the different starting
points, µ∗,l

c,i.

i. If the profit and the markup are iden-
tical to the ones found at iteration
l − 1, a Nash equilibrium is found.
STOP;

ii. If the profit and the markup are iden-
tical to the ones found at iteration
l − k, with k > 1,then it is a cyclic
Nash equilibrium. STOP;

iii. If the profits are not identical to the
ones found at iteration l−k, then GO
TO 2a;

• NO. Solve the problem (10) for company
c for all starting points. The markups of
the other companies are fixed to the val-
ues found after the last optimization of
their own profit (or to 0 if it has not been
optimized yet): µc′,i = µl

c′,i, ∀c′ < c and

µc′,i = µl−1
c′,i , ∀c′ > c. We keep the value

of markup corresponding to the greatest
profit found for company c among the dif-
ferent starting points, µ∗ l

c,i. GO TO STEP
2a.

(c) Increment l: l = l + 1. Is l + 1 ≤ l̄ ?;

• YES: go to step 2;

• NO: the maximum number of iteration
has been reached without finding a Nash
equilibrium. STOP.

As one can see, there are three ways to exit the pro-
gram: finding a Nash equilibrium at step 2(b)i, a cyclic
Nash equilibrium at step 2(b)ii, or exceeding the maxi-
mum number of iterations.

15th PSCC, Liege, 22-26 August 2005 Session 3, Paper 3, Page 4



In general, a Nash supply function equilibrium in pure
strategies does not necessarily exist, nor is it necessar-
ily unique [13]. The Nash equilibrium we are trying to
find using this algorithm is thus of course a semi-heuristic
Nash equilibrium, as we cannot prove that the solution
found is indeed a Nash equilibrium. The only thing we are
sure of when we reach what we call a Nash equilibrium is
that, given the starting points we chose, the solver does
not see any incentive for any of the company with market
power to adopt a different strategy than the one found in
the Nash equilibrium solution. However, even if we can-
not guarantee that a Nash equilibrium will be found, the
results we have tend to show that in most cases we suc-
ceed in finding one.

3.2 Test on a Simple Network

The model has been tested on a data set of 4 intercon-
nected areas, A, B, C and D. Care was taken to include
in this case, although quite simple, wind generation, CHP
and a realistic representation of hydro producers using wa-
ter values.

We used Cobb-Douglas functions with the same cali-
bration parameters for all four zones, except for the aver-
age demand.

Transmission lines exist between the zones A and D,
B and C, B and D and C and D. All these pipelines
are modelled as exchange capabilities; the four limits have
been fixed at the same value.

We model conventional means (thermal and nuclear)
and hydro producers, as well as price independant gen-
eration (such as wind producers and hydroplants without
reservoir). The supply curve of these later means is a ver-
tical line. The supply function of the hydro production
(with reservoirs) is computed as weekly values based on
water values given to the model. For the simulations, the
hydro producers are considered competitive. Out of the 6
power producers of the data set, 3 are assumed to have the
possibility to exercise market power. The three companies
with market power are located in zones A, B and D.

The different starting points chosen, as mentioned in
3.1 are the following :

1. p(k)0 = p(k−1)∗ − ε
Q(k)0 = Q(k−1)∗ − ε
µ(k)0 = µ(k−1)∗ − ε;

2. p(k)0 = p(k−1)∗ − ε
Q(k)0 = Q(k−1)∗ − ε
µ(k)0 = 0.1;

3. p(k)0 = p(k−1)∗ − ε
Q(k)0 = Q(k−1)∗ − ε
µ(k)0 = max(0.1, min(µ̄, 2 · µ(k−1)∗));

4. p(k)0 = 0.7 · p(k−1)∗ + 0.1 · p̄
Q(k)0 = 0.8 · Q(k−1)∗ + 0.1 · Q̄
µ(k)0 = min(1.01 · µ(k−1)∗ , µ̄);

5. p(k)0 = 0.3 · p̄
Q(k)0 = 0.5 · Q̄
µ(k)0 = 0.03;

6. p(k)0 = min(0.8 · p(k−1)∗ + 0.3 · p̄, p̄)

Q(k)0 = 0.8 · Q(k−1)∗ + 0.1 · Q̄
µ(k)0 = 0.0.

where x(k−1)∗ denotes the previous solution and x(k)0 the
initial value taken for step k.

Using different starting points enables us to cover a
wide range in the solution space. Different values as well
as a different number of starting point have been tried be-
fore these values were chosen; the table below shows the
results obtained at the end of the first iteration of the algo-
rithm, when only the markup of the first company, that has
market power in zone A, is being optimised, the markup
of the others being fixed to 0, with a different number of
starting points :

1 3 6 7
Π1 53217 53134 71710 71710
πA 21.79 21.80 29.03 29.03
πB 21.99 22.00 29.23 29.03
πC 31.83 31.83 31.83 31.83
πD 21.89 21.90 29.13 29.13

Table 1: Values of the profit of company 1, the one with market power in
zone A, as well as zonal prices, for different numbers of starting points,
for the first hour

Using 6 starting points seemed to achieve an acceptable
balance between computation time and accuracy of re-
sults. Using 6 points, we have done many runs for differ-
ent starting points: in the table below are some examples
of the results that can be found - at the end of the first it-
eration as well as for the first hour - by modifying starting
point #5:

p(k)0 0.3 · p̄ 0.8 · p̄ 0.8 · p̄

Q(k)0 0.5 · Q̄ 0.5 · Q̄ 0.5 · Q̄

µ(k)0 0.03 0.03 0.93
Π1 first iteration 71710 26735 53134
Π1 equilibrium 71710 - 75869
Π2 equilibrium 54316 - 48217
Π5 equilibrium 71050 - 71050

Table 2: Profit, for the first hour, for company 1 at the end of the first
iteration and for the Nash equilibrium using different values for starting
point #5

At the end of the resolution and for the solution that is
found to be the Nash solution, we ran two resolutions of
the socio-economic-surplus for a value of µ equal to µ+ ε
and µ − ε and found that the profits thus obtained are
not better than the previous profits. In the above table,
no Nash equilibrium can be found using the starting point
proposed in the middle. For the other two values of start-
ing point #5, a Nash equilibrium has been found, but it is
not the same : company 2 is better off in the first case,
whereas it is the opposite for company 1. In this example,
two Nash equilibria have been found ; it is very likely that
there are even more than just 2 Nash equilibrias. However,
we have no right to say that the first equilibrium is better
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than the second. We could use mixed strategies in our for-
mulation in order to account for the case where multiple
Nash equilibria are found ; this has not been done yet.

Using the standard starting points, the average number
of global iterations required to reach the Nash equilibrium
is 4.

The graph below (Fig. 3) shows the difference be-
tween the two prices for zone A.

Figure 3: Comparison in zone A between the competitive price and the
case where market power is exercised

Exercising market power results, as one could have ex-
pected, in higher prices than the ones obtained with per-
fect competition. The price distortion reaches an average
of 8

�
, except between hours 18 and 21, where it goes up

to 12
�

, and between hours 9 and 16, where it goes down
to 0

�
.

The prices in zone A are very low around peak hours;
the explanation is that a lot a wind power is available at
that point of time, and that, as a result, very little power
needs to be produced using other production means. It
then becomes very difficult for power producers to exer-
cise market power. This fact leads to a tiny difference be-
tween the competitive price and the price achieved under
the exercise of market power.

We also show in the graph below (Fig. 4) the shift in
the profit of the company with market power in zone A.

Figure 4: Profit shift for company with market power in zone A

By exercising its market power, this company has
managed to increase its markup by 34% on this single day.

Although simple, this example shows that some compa-
nies could have huge incentives to exercise their market
power, when they have some.

4 CONCLUSION

We have shown an alternative formulation of the initial
two-stage problem of maximisation of profit for strategic
producers that operate in a market with central clearing.
Based on this formulation we developed, using GAMS, a
tool for the resolution of such problems.

We then tested this tool on a simple case to assess its
efficiency and robustness; we also performed a first anal-
ysis of the exercise of market power on this example.

The next steps of our work are to test this tool on more
detailed data sets, and to enhance its robustness. This tool
can then be used to analyze the market as well as any mod-
ification in the market’s rules and design.

Further work will implement the transmission rights
and study their impact on the profit and prices, as well as
the description of the network using physical limits and
implementing loop flows rather than exchange limits.

5 APPENDIX: CONVEXITY PROOF

The constraints of the problem (5) are linear. There-
fore, to prove its convexity, we must show that the Hessian
of the objective function is semi-positive definite. In the
beginning, we assume that the markup is 0 for all compa-
nies. Then,

∂(−z)

∂pg

= −πi + MCg ∀g ∈ i

∂(−z)

∂Qi→j

= πi − πj + τi→j ∀i, ∀j, i 6= j















Because of the Cobb-Douglas function, we have:

−
∂πi

∂pg

= −
∂πi

∂Qj→i

=
∂πi

∂Qi→j

=: yi ≥ 0

Then, the coefficients of the Hessian are:

∂2(−z)

∂p2
g

= yi ∀g ∈ i

∂2(−z)

∂pg∂pk

= 0 k, g not in the same area

∂2(−z)

∂Q2
i→j

= yi + yj ∀i, ∀j, i 6= j

∂2(−z)

∂pg∂Qi→j

= −yi ∀g ∈ i

∂2(−z)

∂pg∂Qj→i

= yi ∀g ∈ i

∂2(−z)

∂pk∂Qi→j

= 0 ∀g /∈ i, j



















































































For example, the Hessian of −z in the case of three areas
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takes the form H0 =:

pg1

pg2

pg3

Q1→2

Q2→3

Q1→3

















y1 0 0 −y1 0 −y1

0 y2 0 y2 −y2 0
0 0 y3 0 y3 −y3

−y1 y2 0 y1 + y2 −y2 y1

0 −y2 y3 −y2 y2 + y3 y3

−y1 0 y3 y1 y3 y1 + y3

















In the above matrice, we omitted the lines and correspond-
ing columns associated with the lines in the opposite di-
rection (p.e. Qj→i), as they have the same coefficients
as the lignes for Qi→j with opposite sign. Moreover, we
only represent one generator per area, since the lines cor-
responding to the generators in the area have the same co-
efficients. We can see that the line corresponding to Qi→j

is the sum of line pgj minus line pgi. More generally, if
we compute the Hessian for a problem with n zones, the
lines ranging from n + 1 to n + n(n−1)

2 are linear combi-
nations of the first n lines. Thus, the principal minors of
this Hessian are positive or null and its rankis the number
of zones of the problem I . We can see that all the lead-
ing principal minors of a principal minor of dimension I
are positive (since a principal minor is a diagonal matrix
with yi at the diagonal position). Therefore, the function
is semi-positive. If we were to compute the Hessian of the
objective function of the problem (5) in the case where the
markup µ is different from zero, we would obtain Hµ:

H
µ = H

0 +

















µcg1,i 0 0 0 0 0
0 µcg2,j 0 0 0 0
0 0 µcg3,k 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

















where µ is positive or null2. We then have

H
µ = H

0 + diag(µ1, µ2, . . . , µn, 0, . . . , 0)

thus the Hessian is still semi-definite positive, even in the
case where the markup is non-null.

As a result, −z is convex.
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