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Abstract — The paper proposes a method of con-
tinuous loading to determine the limiting static-
stability operating conditions of an electric
power system on a specified loading path. This
method analytically specifies a loading trajectory
in a space of active and reactive components of
nodal voltages in the form of a convergent power
series whose coefficients are determined using
the curvilinear descent method. The computa-
tional cost to calculate each coefficient in this
series is equivalent to the computational cost of
completing one iteration of the modified Newton
method. The proposed method allows to deter-
mine the limiting operating conditions along a
specified loading path essentially in a single
step. The method’s timing characteristics sat-
isfy the requirements of real-time environ-
ment.

Keywords: power systems, operating condi-
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1. INTRODUCTION

The problem of estimating the limiting static-
stability operating conditions in electric power sys-
tems (EPS) is one of the core issues when estimat-
ing the reliability at EPS development and opera-
tional management stages. This problem focuses
on estimation of static-stability limits in current
and future normal operating conditions, and also
possible critical and post-failure operating condi-
tions. The estimation of static-stability limits is
done at the system’s development stage, as well as
when planning and managing the EPS operating
conditions at all geographical and time levels of
operational dispatching control. This issue be-
comes especially important in a set of problems
associated with: (1) estimation of EPS operational
reliability in real time; (2) automated dispatching
simulation under normal operating conditions; (3)
automated dispatching simulation in critical and
post-failure operating conditions; (4) automated
dispatching simulation in EPS recovery after major
system failures; (5) controlling for static-stability
limits in optimization of systems’ operating condi-
tions; etc.

To determine the limiting static-stability
operating conditions, the method of sequential
variation (loading) of initial stable operating con-
ditions is used with a check of the stability crite-
rion for loaded operating conditions [1], i.e. in the
general case the procedure for determining the
limiting operating conditions assumes that the
load iteration is specified, that the steady-state
operating conditions are calculated at each itera-
tion, and that the stability criterion is calculated at
this iteration.

The amount of work involved in the whole
process of determining the limiting operating con-
ditions is determined to a considerable extent by
the specification of the load iteration. For a small
iteration, the number of calculations of the
steady-state operating conditions and of the sta-
bility criterion increases. For a large iteration, there
is a danger of passing over the stability boundary at
the last iteration and there is the same problem of
an increase in the number of calculations of
steady-state operating conditions and of the sta-
bility criterion when splitting the value of the
last load iteration.

The proposed method substantially simpli-
fies a solution to the problem of estimating the
limiting operating conditions. This is achieved be-
cause of:

e the rational choice of load iterations when es-
timating limiting static-stability operating
conditions on the given loading path;

e combination of the three components (loading
stages, computation of steady-state operating
conditions, and estimation of their static sta-
bility) into a unified computational procedure
based on the mathematical, algorithmic, and
programming apparatus of the methods of cur-
vilinear descent [2 - 5];

e the method’s fast and reliable convergence
properties.
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2. ANALYSIS OF STATIC APERIODIC STA-
BILITY IN CALCULATION OF STEADY-
STATE OPERATING CONDITIONS USING
METHODS OF CURVILINEAR DESCENT

It is shown in [6 - 8] that the Jacobian of the
system of equations for the steady-state operat-
ing conditions of power systems containing bus-
bars of infinite power is equal to the free term of
the characteristic equation for the transients in
these systems, if, when calculating the steady-state
operating conditions: I) the active powers and the
voltage moduli for generating nodes are given as
independent variables; 2) load nodes are intro-
duced into the calculation by the same static
characteristics, as when calculating the stability;
3) busbars of infinite power are chosen as the bal-
ancing node, and such that when the Jacobian of
the equations of the power system steady-state
operating conditions corresponds to the free term
of the characteristic equation the static aperiodic
stability can be analyzed at the stage when their
steady-state operating conditions are calculated
on the basis of the convergence of the iteration
processes of the methods, using the Jacobi matrix.
The methods must not diverge when calculating
stable operating conditions, and during their it-
erations a double change in the sign of the
Jacobian must not occur. Methods of a curvi-
linear descent belong to this class [2 - 5].

The solution of the problem of calculating the
steady-state operating conditions of power systems
using methods of curvilinear descent and the solu-
tion of the problem of evaluating the static stabil-
ity of power system operating conditions using the sign
of the free term of the characteristic equation are very
similar. The methods of curvilinear descent proposed in
[2 - 5] realize the idea of a descent using a curve
given in a special manner

F(X)=S"-W(X)=0 (1)
in the space of dependent variables connecting the
initial approximation X© with the solution X* of
the equations of the steady-state operating condi-
tions investigated. Here W(X) is a vector-
function of the equations of the steady-state op-
erating conditions of the power system

W(X)=0 )
and S is a square matrix of order N, constructed
from the column vectors Sy, ..., Sy such that

Si :eTi —OKiW(X(O)) ;e :{ei :1,6j =0|1¢]},

avx")

a, = =,
[w(x?)

where (a,b)=a'b is the scalar product of
the vectors.

The existence of curve (1) and its ac-
cepted parameterization [2-4]

X(1) =X+ 30 AX 1 €[04, ]: X () =X, (3)
k=1

where AX is a certain vector of coefficients of
the series in A, follows from the nondegeneracy
of the Jacobi matrix in a certain region containing
this curve. In other words, if the point of the
initial approximation X' and the point of the
solution X of the equations of the steady-state
operating conditions investigated belong to a
connected region of one sign of the Jacobian
G,, then parameterization (3) of curve (1), con-
necting the points X© and X" of the equations
and not intersecting the surface of degeneration
of the Jacobi matrix, will exist in this region.

Let us assume that the initial approximation
X corresponds to the solution of the equations of
the static stable operating conditions and the Jaco-
bian of the equations of the operating conditions
investigated corresponds to the free term of the
characteristic equation of the transients. For
X® eGy the region Gy is the region of static
stability. If the system of equations of the steady-
state operating conditions has the solution X and
this solution belongs to the region Gy, then in
the region Gy the curve (1), given by the parame-
terization (3), exists and motion along it from the
point X' will lead to the determination of the
solution X € Gy, corresponding to the statically
aperiodically stable operating conditions. Thus,
motion along curve (1), specified by parameteri-
zation (3), in this case guarantees the determina-
tion of the solution of the equations of the operat-
ing conditions in question and is the sufficient
condition for its aperiodic stability. In a certain
sense curve (1) may be considered as an analyti-
cally defined trajectory of stable transition within
the region of static stability from the known oper-
ating conditions, characterized by the parameters
X to the operating conditions investigated, de-
fined by the parameters X~ with a smooth varia-
tion of the defining parameters of the operating

15th PSCC, Liege, 22-26 August 2005

Session 17, Paper 4, Page 2



conditions.

When curve (1) is represented accurately by
an appropriate approximation, the solution of the
equations of the operating conditions investigated
is obtained in a single step and, if the sign of the
Jacobian at the point of the solution obtained is
the same as the sign of the Jacobian at the point
of the initial approximation and the point of the
initial approximation corresponds to the stable
operating conditions, then the calculated operat-
ing conditions are statically stable. Note that a
double change in the sign of the Jacobian in a step
is impossible in view of the special features of the
proposed methods of curvilinear descent [3] and
the assumed calculation conditions, which define,
by the specified initial approximation, the region
of possible existence of the solution of the equa-
tions of the operating conditions and consequently
the region of convergence of the methods of curvi-
linear descent.

Computational investigations have shown
[2-4] that the best results from the viewpoint of the
effectiveness and the time complexity of the de-
scent from the point X of the initial approxima-
tion to the solution X of Equations (2) are
achieved when using a quadratic approximation of
curve (1), specified by parameterization (3):

X(L) = X+A-AX, +A7-AX, 4)
and a descent along this approximation according
to the following formula:

X0 =X AX P +4 7 AX,P (5)
where the vector AX is determined at each iteration
from the solution of the system of equations

J(X(p) ) . AXI(P) — _W(X(P) );

the vector AX; is determined from the expres-
sion [2, 3]:

AX,” =, AX P+ AXP) (6)

and the vector AX"™ is determined from the
solution of the system

3(x0)- AKX = _%(wv AXAXP)

J(XP) is the Jacobi matrix of equations (2) at the
point (X®); W" is the matrix of the second partial
derivatives of equations (2) at the point (X®)
which is constant in the case of quadratic equa-
tions of steady-state operating conditions (2); and 1z,

is a parameter determined from the condition for
minimum deviation of the quadratic approximation
(4) from curve (1).

The iteration process of the method of the

quadratic descent (5) realizes motion to the solution
of the equations of the operating conditions not
along curve (1), but along its approximation, which
is minimally «remote» from it. The deviation of
quadratic approximation (4) from curve (1) is regu-

lated by the value of the parameter £z, in (6), which is

chosen from the condition for minimum deviation of
approximation (4) from curve (1) [2-5]. In the case
when approximation (4) coincides with curve (1),
iteration process (5) converges in a single iteration
to the solution of the equations of the operat-
ing conditions (2). When the signs of the Jaco-
bian at the point of the initial approximation X
and at the point of the solution obtained are the
same, the calculated operating conditions are stati-
cally stable. In the general case, approximation (4)
of curve (1) is constructed at each step of the it-
eration process (5), and if the sign of the Jaco-
bian at the points where approximation (4) is con-
structed remains unchanged, the calculated operating
conditions are statically stable. Cases of a double
change in the sign of the Jacobian in a step
are excluded in view of the above.

3. DETERMINATION OF LIMITING STATIC
STABILITY OPERATING CONDITIONS
ALONG A SPECIFIED LOADING PATH

We will consider the quadratic equations of
the steady-state operating conditions of a power
system (2) in the form of the power balance at the
nodes in a rectangular system of coordinates of the
variables

Wi(X)={Wp_; W Wuk‘ j=1,...n;
: , (7
1=1,..M; k=1,...,K} =0

where

wp =P =P =Py =P; —P ~ Ul -y, +

+Uj, - Z(Uja “Vija T Uje - Vi) +

jes,
JES;

Wq, =Qg —Q —Qx =Qg —Q ~U7 -y +
+Uia ’ Z(Ujr " Yija +Uja 'Yijr)+ Uir x

jes,
x> (U Vi = Ujp - yie)s 1=1,.M;
i
wy, = Ul Ul — Ui i=1,K;
U12 :Uiza —Uizr; M+ K =n.
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Here P, , O., P, O and P, , O, are the

active and reactive power of the generation and the
load, and the active and reactive network power of

node i respectively; V., Y, Vi, » Yy, tesistive and

reactive components of the self admittance of node i
and the mutual admittance of the branch between
nodes i and j respectively; U;, U, and U, are the
modulus, active and reactive components of the
voltage U of node i; Uy, is the given constant
modulus of the voltage of node i; S; is the set of
subscripts of nodes adjacent to node i; n is the
number of nodes in the equivalent circuit of the
power system, ignoring the basic node; M is the
number of nodes with the active and reactive pow-
ers of the generators and loads given as independ-
ent variables; and K is the number of nodes with
the active powers and the voltage moduli given as
independent variables.

We recall that these equations are defined
everywhere in the space of the dependant vari-
ables X and are twice continuously differenti-
able. We will represent (7)

wWX)=f(X) -Y=0,

X:{U' U the

where

ai? r(n+i)

1= l,...,n} is
vector of the dependent variables and
Y:{Pi :PGi _Pl‘; QJ :QGJ _QIJ;
2
Uk giv

is the vector of the independent variables.
We will assume that the Jacobian of
equations (7) corresponds to the free term
of the characteristic equation. Suppose the point
X, of the space of the dependent variables X cor-
responds to the initial statically stable operating
conditions. Let us consider a simply connected
region Gy of the space X containing point the X,
and bounded by the surface of degeneration of
the Jacobi matrix |J(X)|=0. We will denote the
boundary of the region Gx by 0Gx. For all XedGy
|[J(X)|=0. Note that according to the conditions as-
sumed the region Gy is the region of static stability.

i=1..,n; j=1..,M; k= 1,...,K}

It is obvious that for each point X € G the following
conditions are satisfied:

1) sign‘J(f()‘ = sign|J(X0) ;

2) a curve exists lying in the region Gx not
crossing its boundary and connecting the points X
and X,.

In the space of independent variables Y, we
will consider the region Gy which is the image of the
region Gy for the action of the operator Y=f(X). We

the
G, c G, which is star convex relative to the
point Y~=f(X,). We take an arbitrary point Y in the
region GY . By the definition of star convexity, sec-

will separate in region Gy a region

tion
Y=Y, +1-(Y-Y,),0<1<1

belongs to the region (~}Y,

Suppose Y is an internal point of the region
Gy. Since the Jacobian of Equations (7) is nonzero
in Gy and equations (7) are continuously differenti-
able everywhere in the space X, by the theorem on
an implicit function [9], neighbourhoods Dy and Dy
of the points X, and Y| respectively in the spaces X
and Y can be found such that for each YeDy a sin-
gle solution of Equations (7) exists in Dx

X=1(Y) € Dy, (8)
where the components of the function f(Y) are con-
tinuously differentiable in Dy and Xy=f(Yy).

From the continuous differentiability of f(Y) it
follows that Y1 the regions Gy and Gx respectively.
Hence a value A; (0< A1 < 1) can be found such that
the section Y=Y¢tA; (Y(-Yo)eDy for all 0<
ASAg.

Using (8) we determine X;=f(Y;) where Y,
=Yy + A - (? - Y()). Since Y]%@Gy, then
[J(X)20, X;€ D; cGy. In addition in the region
Gx we uniquely obtain the curve connecting the
points X, and X, the equation of which X=f(Y) is the
image of the section [Yy, Y1].

Passing similarly further from the point X; to
the point X,, then from the point X, to the point X;
etc., we obtain in Gy a curve as the inverse image of

the section Y, +A (S~{ -Y,). Consequently, for any
section[YO,f{J eG, it is possible to indicate
uniquely a curve connecting X, and X, where
X=f (Y) , belonging to the region Gy, such that its
image when the operator Y=f(X) acts coincides

with the section [YO,Y]. Such a curve defines the
function X(A), which maps the section [0, 1] into the

region Gx.
Consider the formally written sequence
Xo+ Y A" -AX )
n=1
where
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AX, =-J"(X,)-(Y-Y,),
AX, =3 (K,). [ 1(W” AX AX. )} (10)
n2 .
We put
o= (X, W-lax . an

It is shown in [4] that for all » > 1 the
following relation holds:

16-0)""
Jax <9 ax a2

Consider the power series

Z%"

Its radius of convergence is

160
b ax

(6a) oy 160
R

16a)

flax.

Ay = lim
n—»oo

Consequently the radius of conver-
gence of series (9) is
A, 21/16a, (13)

where o is defined by (11).

We write equations (7) at the point of
the solution X, as

W(Xo) = Yo.
Suppose the direction of loading of the initial
operating conditions is specified by the vector
A'Y. Then any operating conditions on the speci-
fied loading trajectory Y, + AY can be found from
the solution of the equations
W(X) =Y, + AAY.

We will denote power series (9) with radius
of convergence (13) by

X(A) =X+ Y A"-AX, .
n=]
We substitute (14) into equations (7), as-
suming that A X,, are found from (10)

(14)

W(X) = W(XQ)) = W[XO + ix“ AX, j=o.

As a result we obtain that

WEX0) = WX+ J(X,)- i A" -AX,

n=1

+— (w" Zx“ AXH,ZXH -AX,) = W(Xg) +

n=l1 n=l1

- JX@)-AX, + 2 A" (JI(X,)-AX, +

n=2
n—1
+%Z(W" AXAX, ) =Y, + MY - YY),
k=1

i.e. when Q<) < M
XM =X).

Thus we have shown that when Q<) <A

series (9) converges and curve (14) in this case is
the image of the section of the straight line Yo + A
- AY in the space of the dependent variables.

4. THE ALGORITHM OF THE METHOD
OF CONTINUOUS LOADING

Using the mathematical and program apparatus
of the methods of curvilinear descent it is possi-
ble to construct the following effective algorithm
for determining the limiting operating conditions
on a specified loading path.

Suppose the point (Xy, Yo) corresponds to the
initial statically stable operating conditions and
the loading direction is specified by the
vector AY,.

1. p:=0.
2. Using (10), n vectors AXfP) , are determined,
where the number n is determined by the

convergence of the series

o ox]
=1

. A®._q®
HA =1,..,n; A”:=A",

and the vector AXi(p) is determined from the
expression
AXP =-J7(X,)-AY,.
3. The point (X®™V, Y®™V) with coordinates
X(pﬂ) = X() + Znizlli(p)'AXi(p)
Y(PH) =Y, + X(p)- AY,
is determined.

4. If at the point X®'" the coefficient
ﬁ(p)>1,where from [3, 4]
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1 H(W”'AX?H]),AXpr))H

P = P HW(X(p+l> )H

HW(X“”” + AX?””)H
[woce)

then the calculation is finished and the point
(XD Y?*) corresponds to the limiting oper-
ating conditions; otherwise p:=p+l; X=X
Y= Y(p), and we return to step 2.

5. TESTING FOR CONVERGENCE PROP-

ERTIES OF THE CONTINUOUS LOADING

METHOD IN ESTIMATION OF LIMITING
OPERATING CONDITIONS

Numerous computational simulations on a large
number of different power systems showed that
this method enables one to determine the limit-
ing operating conditions with a very high
accuracy in one or two iterations.

Let’s illustrate the convergence properties of
the proposed method with an example of estimat-
ing the limiting operating conditions in three dif-
ferent electric power systems (see Table 1), where
the respective three schemes contain: 33 nodes and
47 branches in System 1; 107 nodes and 122

branches in System 2; and 192 nodes and 215
branches in System 3. The initial operating condi-
tions were loaded by: increasing the generator
power of two stationary nodes (System 1); increas-
ing the loading power in six nodes (System 2); and
unloading generators in four nodes (System 3).
Along this, generators of the node, set as the bal-
ancing node, were loaded. The precision in calcu-
lating steady-state operating conditions at each
loading iteration step in all three cases was given
by 0.1 MWA. The parameters of calculated steady-
state operating conditions obtained at each previ-
ous load iteration were used as the initial approxi-
mation in calculation of each limiting operating
condition by the method of sequential loading. The
estimation of operating-condition stability at each
load iteration was done by using the Jacobian of
equations describing steady-state operating condi-
tions.

When using the algorithm of sequential load-
ing, the limiting operating conditions were deter-
mined in seventeen iterations for System 1, in
seven iterations for System 2, and in sixteen itera-
tions for System 3. The proposed method of con-
tinuous loading allowed us to determine limiting
operating conditions within just one iteration in all
three cases. Please see Table 1 for the results.

For comparability of computational character-
istics of these methods, computations of steady-

Table 1: Examples of convergence in methods of sequential and continuous loading in the problem of esti-
mating limiting static-stability operating conditions of electric power systems.

Values of loaded Load iteration Values of loaded The number of load itera-
parameters in the ATl and given parameters in the | tions n and timing in estima-
initial operating precision in limiting operating tion of peak loads (in rela-
EPS condition (MW, estimation of condition (MW, tive units £ =t/1,; )
MWA) peak loads g MWA) By the se- By the
MW, MWA) quential proposed
loading method
method
PGl = 1380 APGI = 50, 183848
EPS #1 P = 1150 AP, = 50, 1608.48 17, L
es. t,=1 t=0.12
S¢1 = 13.78+6.36; S = 18.58+}8.54;
Sy =30.74+]8.48; AS = 0.1 S.. Sex =41.82+j11.44;
Eps 4y | Sts=9.544j2.23; 1 6” > | Si3=12.86+j2.96; 7, L
Sea = 15.90+j7.24; PR S¢s =21.44+j10.01; t—=1 t =0.35
Sys = 25.44+12.72; &=0.1. Sis = 34.674j17.15;
S = 13.25+j4.24. S = 18.05+5.72.
P01:53.9 P01:2.31
PG2 =104.5 APGi =0.1 PGi . PGZ =1.32 16 1
EPS #3 Pg;=115.5 i=1,...,4, Pg3;=2.00 ; :’1 t*=0’19
Pgs =275 &=1. Pss =0 o '
Pgs =77.5 Pgs =4.77
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state conditions and estimation of their static sta-
bility at each continuous loading step were per-
formed using the quadratic descent method. There-
fore, the relative computational times, presented in
Table 1, characterize the relative effectiveness of
the loading algorithms. It is worth noting that the
Newton method and are not effective in computa-
tion of steady-state operating conditions for EPS
#2 and #3 from Table 1 because the Newton
method diverges and the Newton-based minimiza-
tion method converges very slowly. Meanwhile,
the method of quadratic descent converges at each
loading step in only one or two iterations.

The time, which is required to solve the prob-
lem of estimating limiting static-stability operating
conditions for an electric power system of any size,
does not exceed 200-300 percent of the time,
which is necessary to estimate the single steady-
state operating condition for this system by using
the quadratic descent method. If one takes into ac-
count the fact that the quadratic descent method
converges as a rule in one or two iterations [2-5],
then the costs of estimating limiting static-stability
operating conditions by the continuous loading
method is equivalent to the costs of 2-6 iterations
of the quadratic descent method. For example the
time, which is necessary to perform one iteration
of the quadratic descent method for an EPS scheme
of a standard size (200-500 nodes) on a personal
computer with a 200 MHz Pentium processor by
using the program based on this method, does not
exceed 2-4 ms. These timing characteristics satisfy
the requirements of the real-time operational con-
trol environment; therefore, the proposed method
for estimation of limiting static-stability operating
conditions can be effectively used in many prob-
lems associated with real-time decisions.

6. CONCLUSION

The method proposed in this paper allows to
considerably increase the effectiveness and effi-
ciency in the procedure of estimating the limiting
static-aperiodic-stability operating conditions done
by using the method of sequential loading of initial
steady-state operating conditions. This is done by:
(1) combining the stages in selecting the load itera-
tion; (2) estimating steady-state operating condi-
tions at each load iteration; and (3) calculating the
stability criterion at each iteration. This method is
based on the mathematical and programming
framework of the earlier developed methods of
curvilinear descent [2-5].

The proposed method guarantees estimation
of the limiting static stability operating conditions

in a basically single step, and it greatly increases
the speed of obtaining the problem’s solution in
comparison with that of the traditional sequential
loading method.

Thanks to its superior timing characteristics,
the proposed method can be effectively applied in
many problems associated with the real-time envi-
ronment, including: estimation of operational reli-
ability of current and future operating conditions,
different automated dispatching simulations, con-
trolling for static-stability limits in optimization of
operating conditions, etc.
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