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Abstract – This paper presents a new approach to sim-

ultaneously schedule energy and reserve in an electricity 
market. The proposed model explicitly incorporates an n-
K security criterion by which power balance is guaranteed 
under any contingency state comprising the simultaneous 
loss of up to K generation units. Instead of considering all 
possible contingency states, which would render the prob-
lem intractable, a novel method based on robust optimiza-
tion is proposed. Using the notion of umbrella contingen-
cies, the robust counterpart of the original problem is 
formulated. The resulting model is a particular instance of 
bilevel programming which is solved by its transformation 
to an equivalent single-level mixed-integer programming 
problem. Unlike previously reported contingency-
dependent approaches, the robust model does not depend 
on the size of the contingency set, thus providing a compu-
tationally efficient framework. Simulation results back up 
these conclusions. 

Keywords: Bilevel programming, energy and re-
serve scheduling, n-K security criterion, robust optimi-
zation, umbrella contingencies. 

1 INTRODUCTION 
Current reliability policy and associated security 

standards in power systems worldwide mainly focus on 
events such as the random outage of a single or at most 
two transmission or generation assets. These standards 
materialize in the well-known � − 1 and � − 2 security 
criteria which are typically defined as deterministic [1]. 
Hence, power systems are neither operated nor planned 
to withstand contingencies comprising multiple simul-
taneous outages. However, the adequacy of such relia-
bility framework is questionable, as revealed by recent 
blackouts caused by the coincidence in time of several 
independent system component outages [2]. As a conse-
quence, researchers are beginning to look at � − � 
security criteria [3].  

Within this context, this paper incorporates the con-
sideration of multiple contingencies in the energy-and-
reserve scheduling problem. Such problem plays a cen-
tral role in power system operation under both central-
ized and competitive frameworks [1] and, therefore, 
security is an issue of major concern. Security has been 
accounted for in the generation scheduling through the 
definition of several types of reserves by which preven-
tive and corrective actions can be implemented in order 
to handle outages [4]. 

From a deterministic viewpoint, reserves have been 
traditionally modeled in the generation scheduling by 

imposing different types of pre-specified requirements 
[5]. The main drawback of these approaches is the de-
pendence on an a priori determination of system-wide or 
local reserve requirements that may lead to suboptimal 
or even infeasible solutions once contingencies occur.  

In contrast to reserve-constrained approaches, con-
tingency-constrained generation scheduling (CCGS) 
models [4][6][7] explicitly impose power balance under 
both normal and contingency states. In [4], contingen-
cies were accounted for by a set of credible generator 
and line outages and a joint power and reserve schedul-
ing model was presented in a one-period setting. In the 
same work, a reserve pricing scheme was proposed 
based on the Lagrange multipliers of the nodal power 
balance equations. Joint market models for energy and 
several types of reserves were also proposed in [6], 
where the beneficial impact of demand-side bidding 
under � − 1 and � − 2 security criteria was analyzed in 
a single-bus model. In [7], a Benders decomposition 
approach was proposed for a contingency-constrained 
model of a joint energy and ancillary services auction. 

Current computing capabilities may allow incorporat-
ing � − 1 and � − 2 security criteria in the CCGS mod-
els presented in [4][6][7] for practical power systems. 
However, the extension to tighter security levels would 
lead to intractability due to the huge number of contin-
gency states that should be considered. As a conse-
quence, CCGS models only examine a limited set of 
credible contingencies, which is determined based on 
experience and engineering judgment. 

This paper presents an alternative approach that effi-
ciently incorporates a deterministic � − � security crite-
rion into the CCGS problem. This model is hereinafter 
referred to as � − � CCGS. Unlike previously reported 
CCGS models [4][6][7] relying on a reduced set of 
credible contingencies, we propose a joint energy and 
reserve dispatch model based on robust optimization 
that allows considering all combinations of at most � 

unit outages, i.e., ∑ ��� 	
��
 , in a computationally effi-

cient manner.  
Robust optimization [8] is an appropriate framework 

to model optimization problems where the optimal solu-
tion must remain feasible for some parameter variations 
in a given user-defined set (also called “uncertainty 
set”). In this framework, the unknown parameters (un-
certainty) are treated as worst-case deterministic func-
tions of the decision variables, which are set to perform 
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the worst “feasibility damage” in the model for each 
proposed solution.  

Robust optimization has been criticized due to the 
over-conservatism of the solutions provided. Recent 
theoretical advances by Bertsimas and Sim [8] allow an 
easy control of the degree of conservatism with moder-
ate computational effort by controlling the number of 
coefficients that may change in each constraint of the 
problem. The main advantage of this technique is that 
robust counterparts do not increase in complexity com-
pared to their original formulation. Such work has 
paved the way for an enormous number of applications 
in the optimization field due to its intuitive interpreta-
tion, easy implementation, and independence of any 
subjective probability specification process. 

The � − � CCGS model presented here belongs to 
the class of problems suitable for robust optimization, 
where the parameters allowed to vary represent the 
generation unit availability under the contingency states. 
The robust counterpart of the original � − � CCGS 
problem is first constructed. This problem is modeled as 
a worst-case bilevel programming problem [9] wherein 
contingency states are characterized as decision varia-
bles. Using recent findings from robust optimization [8], 
the � − �	CCGS bilevel program is subsequently trans-
formed into an equivalent single-level mixed-integer 
programming (MIP) problem. The main advantage of 
the proposed solution is that the dimension of the result-
ing MIP problem does not depend on the security level 
defined by parameter �, thereby allowing an efficient 
solution by off-the-shelf branch-and-cut software. 

The main contributions of this paper are:  
1. The system operator is provided with a gener-

ation scheduling tool that accounts for tighter 
security levels than the traditional � − 1 and � − 2 security criteria. 

2. A novel � − � CCGS model is formulated 
and implemented based on robust optimiza-
tion. This methodology is effective in attain-
ing globally optimal solutions with moderate 
computational effort. 

3. The performance of the proposed approach is 
successfully validated with numerical simula-
tions. 

The remainder of this paper is organized as follows. 
In Section 2, the formulation of the � − � CCGS prob-
lem is presented. Section 3 describes the robust optimi-
zation approach. Section 4 provides and discusses re-
sults from several case studies. Finally, some relevant 
conclusions are drawn in Section 5. 

2 PROBLEM FORMULATION 
The contingency-constrained generation scheduling 

problem determines the optimal generation schedule and 
reserve allocation so that the power demand is supplied 
under both normal and contingency states. Here we 
propose the explicit consideration of an � − � security 
criterion by which all combinations of up to � unit 
outages are modeled. For expository purposes, we use a 
single-period scheduling model without network con-

siderations such as congestion or losses. This model is 
simpler to describe and analyze, yet bringing out the 
main features of the robust optimization approach. An 
extended model including a multiperiod setting and 
non-spinning reserve is available in [10]. 

Based on the models presented in [4] and [6], the � − � CCGS problem can be formulated as: 

Minimize��,���,��,�� �������� ,  �! +	��#$�!
�∈&

 
 
 
 
 

(1.1) 

subject to:   

���
�∈&

= (	  

 
 
 
 

(1.2) 

���)
�∈&

= ( 
 
 
 
 ∀	+ ∈ , 

 
 
 
 

(1.3) 

-� � ≤ �� ≤ -� � ∀	� ∈ /		 (1.4) 

-�0�) � ≤ ��) ≤ -�0�) � ∀	� ∈ /, ∀	+ ∈ , (1.5) 

��) ≤ 0�)��� + $�!	 ∀	� ∈ /, ∀	+ ∈ , (1.6) 

�� + $� ≤ -� � ∀	� ∈ /		 (1.7) 

0 ≤ $� ≤ 2� � ∀	� ∈ /		 (1.8) 

 � ∈ 30,14 ∀	� ∈ /, (1.9) 

where �� is the power output of generator � in the pre-
contingency state; ��) is the power output of generator � 
under contingency +; $� is the up-spinning reserve pro-
vided by generator �;  � is a binary variable that is equal 
to 1 if generator � is scheduled, being 0 otherwise; / is 
the set of generator indexes; ����·! is the energy cost 
function offered by generator �; ��# is the cost rate of-
fered by generator � to provide up-spinning reserve; ( is 
the system demand; , is the set of contingency indexes; -� is the minimum power output of generator �; -� is the 

capacity of generator �; 0�) is a constant equal to 1 if 
unit � is available under contingency state +, being 0 
otherwise; and 2� is the upper bound for the reserve 
contribution of generator �. 

Parameters 0�) are used to characterize contingency 
states. Thus, the � − � security criterion is enforced by 
considering all contingency states such that  

�0�) ≥ � − �
�∈&

 
 
 
 
 ∀	+ ∈ ,,  

 
 
 

(2) 

where � is the number of generation units and � is the 
number of unavailable generators. 

The objective function to be minimized (1.1) consists 
of the sum of the offered cost functions for generating 
energy plus the cost of all up-spinning reserves offered 
by the generators. It should be noted that the loss of any 
set of generation units does not require the reduction of 
the production of any remaining available unit to keep 
the power balance. Therefore, up-spinning reserves are 
the only reserve products included in the model. More-
over, as done in [4], the cost of the corrective actions in 
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the event of a contingency, that is, the actual use of the 
reserve, is not included in the objective function. 

Constraints (1.2) and (1.3) represent the power bal-
ance equations under the pre-contingency and contin-
gency states, respectively. Constraints (1.4) and (1.5) set 
the generation limits for the pre-contingency and con-
tingency states, respectively. Note that the vector of 
on/off variables, 7, is the same under both states, indi-
cating that only those generators that are scheduled on 
in the pre-contingency state can participate in corrective 
actions during contingency states. Constraints (1.6) and 
(1.7) relate the up-spinning reserve contributions to the 
power levels produced under the pre-contingency and 
contingency states. Constraints (1.8) provide the bounds 
for the up-spinning reserve contributions. Finally, the 
binary nature of variables  � is expressed in (1.9). 

Since the redispatch cost is not included in the objec-
tive function, problem (1) can be equivalently reformu-
lated by dropping variables ��). As can be noted, by 
summing over �	in (1.6), 

���)
�∈&

≤ �0�)��� + $�!
�∈&

 
 
 
 
 ∀	+ ∈ ,,  

 
 
 

(3) 

and introducing (1.3) in (3) yields: 

�0�)��� + $�!
�∈&

≥ ( 
 
 
 ∀	+ ∈ ,.  

 
 

(4) 

Thus, by replacing constraints (1.3), (1.5), and (1.6) 
in the original model by (4), post-contingency variables ��) are removed. For the sake of clarity, the equivalent 
model is stated below: 

Minimize��,��,�� �������� ,  �! +	��#$�!
�∈&

 
 
 
 
 

(5.1) 

subject to:   

���
�∈&
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(5.2) 

�0�)��� + $�! ≥
�∈&
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 ∀	+ ∈ , 

 
 
 
 

(5.3) 

-� � ≤ �� ≤ -� � ∀	� ∈ /		 (5.4) 

�� + $� ≤ -� � ∀	� ∈ /		 (5.5) 

0 ≤ $� ≤ 2� � ∀	� ∈ /		 (5.6) 

 � ∈ 30,14 ∀	� ∈ /. (5.7) 

In spite of the absence of post-contingency variables, 
it is worth mentioning that the equivalent model implic-
itly guarantees a feasible post-contingency schedule. 
The post-contingency power output cannot violate the 
minimum bound since only up-spinning reserve contri-
butions from scheduled units are considered. Addition-
ally, constraints (5.5) guarantee that the post-
contingency power output does not exceed the generat-
ing capacity. Finally, constraints (5.3) ensure the power 
balance for all contingencies analyzed. 

Problem (1) and its equivalent (5) both explicitly 

model the � − � security criterion by considering all ∑ ��� 	
��
  combinations of unit outages in (1.3) or (5.3). 

For realistic power systems comprising hundreds of 
units, this number of contingency states may become 
prohibitive and render the problem essentially intracta-
ble even for low values of �. The approach presented 
next addresses such issue while keeping the modeling 
accuracy. 

3 ROBUST OPTIMIZATION APPROACH 
Problem (5) can be viewed as a particular instance of 

robust optimization [8] in which the parameters allowed 
to vary are parameters 0�) representing the availability 
of generation units under each contingency state. Based 
on this fact, we propose a robust optimization approach 
to solve the � − � CCGS problem (5), where � is iden-
tified as the robustness parameter used to adjust the 
conservatism level. First, the contingency-dependent 
model (5) is equivalently reformulated as a robust bi-
level counterpart. The resulting robust formulation em-
beds all contingencies associated with the � − � securi-
ty criterion but does not depend on the size of the con-
tingency set. Using recent findings from robust optimi-
zation, the resulting bilevel program is subsequently 
transformed into an equivalent single-level MIP prob-
lem suitable for commercially available software. 

3.1 Robust Bilevel Counterpart 
The contingency dependence of problem (5) is intro-

duced in (5.3), which can be referred to as the compli-
cating constraints. These constraints require that the 
sum of the pre-contingency power outputs and up-
spinning reserve contributions of all available units be 
greater than or equal to the system demand for each 
contingency state. Since this requirement must hold for 
all contingencies + ∈ ,, it is sufficient to guarantee that 
it holds for the worst case, i.e., the contingencies with 
the tightest left-hand side of (5.3). These contingencies 
are also known as the umbrella contingencies [11]. 
Therefore, constraints (5.3) can be expressed in a com-
pact way as: 

9:;∗�=, >! ≥ ( (6) 

9:;∗�=, >! = min)∈, ?�0�)��� + $�!
�∈&

@, (7) 

where 9:;∗�=, >! denotes the maximum power that can 
be supplied under the worst-case contingency for a 
given pair of vectors of scheduled power and up-
spinning reserve = = A�
, … , �CDE and > = A$
, … , $CDE. 

The minimum function in (7) can be formulated as an 
optimization problem by defining a new vector of deci-
sion variables F = AG
, … , GCDE associated with the 
worst-case contingency. Hence, G� is a binary variable 
which is equal to 0 if generator � is unavailable in the 
worst-contingency state, being 1 otherwise.  

Therefore, the � − � CCGS problem can be restated 
as the following bilevel programming problem [9]: 
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(8.8) 

subject to:   

�G�
�∈&
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: J 
 

(8.9) 

0 . G� . 1 : K� 			∀	� ∈ /. (8.10) 

The robust bilevel counterpart (8) for the � � � 
CCGS problem comprises an upper-level problem (8.1)-
(8.7), associated with the system operator, and a lower-
level problem (8.8)-(8.10), corresponding to the worst-
case contingency. The upper-level problem consists in 
the determination of the generation unit schedule, in-
cluding both pre-contingency power outputs and up-
spinning reserve contributions, where the unavailability 
of generation units in the worst-case contingency results 
from the solution to the lower-level problem. Upper-
level decision variables are vectors =,	>, and 7, whereas 
F is the lower-level decision vector. The dual variables 
associated with (8.9) and (8.10) are J and K�, respective-
ly. 

The upper-level objective function (8.1) is identical 
to (5.1). Analogously, upper-level constraints (8.2)-(8.6) 
are identical to (5.2), (5.4)-(5.7), respectively. Con-
straint (8.7) imposes that the generation capability under 
the worst-case contingency is greater than or equal to 
the system demand, i.e., power balance is guaranteed 
under all contingencies. 

The lower-level objective function (8.8) represents 
the total post-contingency power output that can be 
supplied by generation units under any combination of 
available units. Such availability is modeled by the 
lower-level decision variables G�. Therefore, minimizing 
this objective function leads to the worst-case contin-
gency. 

Constraint (8.9) enforces the � � � security criterion. 
Finally, constraints (8.10) set the upper and lower 
bounds for variables G�. It should be noted that con-
straints (8.9)-(8.10) have a unimodular matrix structure 
(see proposition 3.2 in [12]), which guarantees that, for 
integer values of �, the lower-level problem (8.8)-(8.10) 
always provides integer (binary) optimal solutions for 
vector F. In other words, vectors composed of the unit 
availability parameters, 	L) ' A0
), … , 0C)DE	∀	+ ∈ ,, are 
the vertexes of the polyhedral set defined by constraints 

(8.9) and (8.10). In Fig. 1, such polyhedron and the set 
3L)4)∈, are both illustrated for the case of a three-unit 
system with � ' 1. Circles represent the vertexes and 
the dashed volume, above the two-sum plane, is the so-
called polyhedral uncertainty set, in robust optimization 
nomenclature. This set comprises all data variations in 
the unit availability space, F ∈ A0,1DC, under which the 
system demand is met even if a single unit happens to 
fail. Note that such uncertainty set also contains frac-
tional (non-binary) availability vectors for which the 
system demand is also met (points inside the dashed 
volume). However, for any feasible upper-level schedul-
ing decision such points will never characterize the 
worst-case contingency. 

 
Figure 1: Unit availability set for � ' 3 and � ' 1. 

Besides its intrinsic complexity due to the two levels 
of optimization, problem (8) is mixed integer (contain-
ing both continuous and binary variables) and nonlinear 
due to the products G��� and G�$� in (8.8). 

3.2 Robust Single-Level Counterpart  
Based on the robust optimization approach presented 

in [8], an efficient single-level equivalent formulation is 
provided for the bilevel problem (8). 

Note that the only requirement on the lower-level op-
timization problem (8.8)-(8.10) imposed at the upper 
level is that its optimal objective function, 9:;∗�=, >!, 
be at least (. Thus, this requirement is also met by im-
posing that a lower bound for 9:;∗�=, >!, given by the 
dual objective function of the lower-level problem, be 
greater than or equal to (. Therefore, the procedure to 
derive the final single-level robust counterpart is sum-
marized as follows: 

1. replace 9:;∗�=, >! in (8.7) by the dual objec-
tive function of the lower-level optimization 
problem (8.8)-(8.10); 

2. replace the lower-level optimization problem 
(8.8)-(8.10) by its dual feasibility constraints. 

Step 2 guarantees that the dual objective function of 
the lower-level problem at step 1 provides a lower 
bound for 9:;∗�=, >!. The interested reader is referred 
to [8] for a detailed proof of the transformation. For the 
sake of completeness, the equivalent single-level MIP 
model for the robust bilevel � � � CCGS problem (8) is 
as follows: 

G
 
Vertex for three available generators 

Vertex for two available generators 

GN 

GO 

2 

1 

1 2 

2 

1 

17th Power Systems Computation Conference Stockholm Sweden - August 22-26, 2011



 

Minimize��,��,��,P,Q� �������� ,  �! +	��#$�!
�∈&

 
 
 
 
 

(9.1) 

subject to:    

���
�∈&

= (   

 
 
 

(9.2) 

-� � ≤ �� ≤ -� � 	∀	� ∈ / (9.3) 
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�� − �!J −�K�
�∈&

≥ (  

 
 
 
 

(9.7) 

J − K� ≤ �� + $� ∀	� ∈ / (9.8) 

K� ≥ 0 ∀	� ∈ / (9.9) 

J ≥ 0.  (9.10) 

Note that expressions (9.1)-(9.6) are identical to 
(8.1)-(8.6). Constraint (9.7) corresponds to (8.7). Final-
ly, constraints (9.8)-(9.10) are the dual feasibility con-
straints of the lower-level problem (8.8)-(8.10). 

Table 1 compares the size of the two formulations for 
the � − � CCGS problem addressed in this paper, 
namely the proposed robust equivalent (9) and the orig-
inal contingency-dependent model (1). Model sizes are 
expressed in terms of the number of constraints exclud-
ing variable bounds, the number of continuous varia-
bles, and the number of binary variables. As can be 
seen, even for the simplest case of � = 1, i.e., � contin-
gency states (|,| = �), the number of constraints and 
continuous variables of the robust model grows linearly 
with the number of generation units whereas this in-
crease is quadratic for the contingency-dependent mod-
el. This comparison reveals the theoretical superiority of 
the proposed robust approach over the contingency-
dependent model. In the next section, such advantage is 
shown in terms of significant computational time sav-
ings when solving a set of realistic case studies. 

Model # Constraints 
#  

Continuous  
variables 

# Binary 
variables 

Contingency- 
dependent 

3�|,| + |,| + 4� + 1 2� + �|,| � 

Robust 5� + 2 3� + 1 � 

|,| = ∑ ��� 	
��
 . 

Table 1:  Size comparison. 

4 CASE STUDIES 
Results from several case studies are presented in this 

Section. For didactical purposes, the robust formulation 
has been first applied to an illustrative example com-
prising three generation units. In order to assess the 
practical applicability of the proposed robust model and 
the influence of the problem size on its computational 
performance, a ten-unit system has been replicated to 
analyze systems including up to 100 generation units. 

For the sake of simplicity, generators offer linear cost 
functions of the form ������ ,  �! = ��U � + ��V��. There-
fore, the robust single-level counterpart is a mixed-
integer linear programming problem. The model has 
been implemented on a Pentium E8400, 3 GHz proces-
sor with 2 GB of RAM using Xpress-MP7.0 under 
MOSEL. 

4.1 Three-Unit Example 
Data for the generators are given in Table 2. The sys-

tem demand is equal to 50 MW. 

Unit 
-	�	

(MW) 
-� 

(MW) 
2� 

(MW) 
��U 
($) 

��V 
($/MW) 

��# 
($/MW) 

1 10 100 100 300 10 1 
2 10 100 100 200 20 2 
3 10 100 100 150 30 3 

Table 2:  Generator data for the three-unit system. 

For � = 0, i.e., without imposing any security crite-
rion, the optimal value of the objective function is $800. 
At the optimal solution, the cheapest generator 1 is the 
only unit scheduled, thereby supplying the whole de-
mand, and no spinning reserve contribution is required. 

Due to the small size of this problem (eight possible 
generation schedules), it can be solved by enumeration 
of the scheduling variables 7. Table 3 provides the re-
sults associated with the feasible schedules for �	 = 	1 
and �	 = 	2. For �	 > 	2 the problem is infeasible. 

�	 = 	1 �	 = 	2 7 A1	1	0DE A1	0	1DE A0	1	1DE A1	1	1DE A1	1	1DE �
/$
 (MW) 40/10 40/10 0/0 30/0 30/20 �N/$N (MW) 10/40 0/0 40/10 10/20 10/40 �O/$O (MW) 0/0 10/40 10/40 10/10 10/40 
Cost ($) 1190 1280 1590 1520 1670 

Table 3:  Results for the feasible schedules of the three-unit 
system. 

For � = 1, there are only four feasible schedules 
comprising the commitment of at least two generation 
units. The optimal solution requires the commitment of 
the expensive generator 2. This generator operates at its 
minimum power output of 10 MW, also providing 40 
MW of up-spinning reserve. In addition, preventive 
security requires that the power output of the cheapest 
generator 1 be reduced with respect to the unconstrained 
case. The optimal value of the objective function for this 
security-constrained case is $1190, which is considera-
bly higher than the $800 that it costs to operate the sys-
tem without security. 

For � = 2, there is only one feasible solution. This 
optimal solution requires the commitment of all availa-
ble generation units. Similar to the previous case, the 
most expensive generators (units 2 and 3) produce the 
minimum power output of 10 MW while providing 40 
MW of up-spinning reserve. Generator 1 reduces its 
output down to 30 MW and increases its up-spinning 
reserve contribution up to 20 MW. As expected, the 
higher level of conservatism yields an increase in the 
optimal value of the objective function, which is equal 
to $1670. 
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The robust optimization model (9) was applied to this 
illustrative example for � = 1 and � = 2. The optimal 
solutions were attained in 0.2 s. 

4.2 Real-Size Case Studies 
The proposed robust formulation has been applied to 

solve several real-size case studies built on a base test 
system comprising ten generators. The data for the gen-
erators of the base test system can be found in Table 4. 
The system demand for the base test system is equal to 
700 MW. Nine additional case studies have been gener-
ated by replicating the original test system and scaling 
the system demand accordingly. 

Unit 
-	� 

(MW) 
-� 

(MW) 
2� 

(MW) 
��U 
($) 

��V 
($/MW) 

��# 
($/MW) 

01 150 455 455 2550 16.19 1.62 
02 150 455 455 2550 17.26 1.73 
03 070 180 130 1300 16.60 1.66 
04 070 180 130 1300 16.50 1.65 
05 050 165 162 1620 19.70 1.97 
06 030 090 080 0800 22.26 2.23 
07 040 085 085 0850 27.74 2.77 
08 020 060 055 0550 25.92 2.59 
09 020 060 055 0550 27.27 2.73 
10 020 060 055 0550 27.79 2.78 

Table 4:  Generator data for the ten-unit system. 

In these case studies, the execution of Xpress was 
stopped when the value of the objective function was 
within 0.1% of the optimal solution, which is a reasona-
ble choice in terms of solution accuracy. In addition, a 
time limit of 1000 s was set. 

Table 5 provides information on costs attained by the 
robust model for different values of the security parame-
ter � ranging between 0 and 5. The second column lists 
the costs for the unconstrained case (� = 0). Columns 
3-7 show the percent cost increase over the uncon-
strained case when security is accounted for. Note that 
the base case problem with ten units is infeasible for � = 4 and � = 5.  

# Units 
Cost without 
security ($) 

Cost increase due to security (%) � 
1 2 3 4 5 

010 016433.4 19.7 45.0 63.0 Infeasible Infeasible 

020 031693.4 10.2 21.9 36.9 50.2 59.5 
030 047311.8 07.0 14.1 22.0 30.5 41.6 
040 062620.2 05.3 10.7 16.1 23.1 29.0 
050 078152.1 04.3 08.5 12.8 18.0 22.9 
060 093684.1 03.6 07.1 10.7 14.8 18.9 
070 108992.0 03.1 06.1 09.2 12.2 16.0 
080 124524.0 02.7 05.4 08.0 10.7 13.8 
090 140056.0 02.4 04.8 07.1 09.5 12.3 
100 155365.0 02.1 04.3 06.4 08.6 10.7 

Table 5:  Impact of security on cost for real-size systems. 

It is remarkable that for each security level, the per-
cent cost increase experiences a significant reduction as 
the system size grows. As an example, for � = 3, the 
cost increase due to security is reduced from 63.0% 
down to 6.4%. Furthermore, for each test system, higher 
values of the security parameter � yield higher cost 
increases, as expected. However, it is worth mentioning 

that for real-size systems comprising over 60 units this 
cost increase is moderate, reaching values between 
16.0% and 10.7% for � = 5. Both results suggest that 
tighter security levels than currently used � − 1 and � − 2 criteria might be used in real-size systems without 
drastically increasing the total cost. 

The relationship between the total cost and the sys-
tem size can be expressed through a linear regression 
for each security level �. Table 6 lists the angular and 
linear coefficients of such regression for values of � 
ranging between 0 and 5. The angular coefficient repre-
sents the increase in cost due to security (additional $ 
per additional security level �). It should be noted that 
the angular coefficient varies slightly with �. This result 
means that, despite the increase in fixed cost due to the 
schedule of extra units, tighter security levels do not 
significantly change the rate with which the total cost 
varies with the system size. As a consequence, the uni-
tary cost, defined as the total cost divided by the number 
of generation units, decreases with the system size for 
all security levels. This result is depicted in Fig. 2. 

 � 
0 1 2 3 4 5 

Angular 
($/security) 

1545.9 1546.7 1544.2 1532.2 1518.3 1514.8 

Linear ($) 843.2 4118.7 7649.2 11921.7 16510.9 20586.8 

Table 6:  Coefficients of the linear regression for cost vs. 
system size. 

 

 

Figure 2: Optimal unitary cost vs. system size. 

Table 7 presents the computing times required by the 
proposed robust model, denoted by R, for all test sys-
tems and values of � up to 5. Symbols “I” and “OM” 
represent “Infeasible” and “Out of memory”, respective-
ly. The computational performance of the robust ap-
proach is assessed through the comparison with the 
contingency-dependent formulation (1), referred to as 
CD. For the sake of tractability of problem (1), the set 
of contingencies in CD only includes those with exactly K units simultaneously out of service, i.e., the cardinali-

ty of , is equal to ���	 rather than ∑ ��� 	
��
 . Note that 

this reduced contingency set covers all contingencies 
with fewer unavailable generators and hence optimality 
is not affected. As can be seen, the robust approach is 
able to find a solution satisfying the pre-specified opti-
mality tolerance with little computational effort for all 
feasible case studies. In contrast, the contingency-
dependent model requires much larger computing times 
for most cases, particularly for large-scale systems. 
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Moreover, for large numbers of units and more con-
servative security criteria, the contingency-dependent 
model is unable to find a near optimal solution within 
the time limit and even leads to intractable problems for 
which not enough memory is available. These results 
clearly back the superiority of the robust model over the 
contingency-dependent formulation from a computa-
tional viewpoint.  

# 
Units 

� 
1 2 3 4 5 

R CD R CD R CD R CD R CD 
010 00.1 00.1 00.1 0000.5 00.1 0000.1 I I I I 
020 00.1 00.3 00.1 0001.3 00.1 0001.3 00.1 0013.9000.1 0146.9 
030 00.9 01.0 00.5 0001.7 00.9 0020.3 00.1 0314.6000.3 1000.0 
040 01.4 02.0 01.1 0008.1 00.4 0030.0 00.6 1000.0000.2 OM 
050 03.0 02.5 03.1 0022.6 00.3 0096.9 09.5 OM 001.4 OM 
060 11.3 14.8 06.4 0097.5 02.5 0704.3 68.7 OM 004.1 OM 
070 12.2 14.8 25.7 0390.5 08.3 1000.0 00.8 OM 065.8 OM 
080 06.6 09.7 10.1 0136.8 03.1 1000.0 00.7 OM 108.7 OM 
090 06.7 11.2 01.7 1000.0 73.2 OM 06.0 OM 195.1 OM 
100 18.7 38.9 33.7 1000.0 21.2 OM 03.3 OM 000.8 OM 

Table 7:  Comparison of computing times (s) for real-size 
systems. 

5 CONCLUSIONS 
This paper presents a robust optimization approach 

for the contingency-constrained generation scheduling 
problem with an � − � security criterion. As a major 
contribution of this paper, the model described allows 
system operators to schedule energy and reserve while 
explicitly considering all combinations of up to � gen-
eration unit outages. The original contingency-
dependent model is first formulated as a robust bilevel 
counterpart. The resulting bilevel program is subse-
quently transformed into an equivalent single-level 
mixed-integer program that is efficiently solved using 
available commercial branch-and-cut software.  

Numerical results show that the proposed robust 
model outperforms the contingency-dependent formula-
tion since significant cost reductions are achieved with-
in moderate computing times. Moreover, the robust 
model can handle problems that are essentially intracta-
ble for the contingency-dependent model.  

Research is currently underway to consider a net-
work-constrained system. Finally, further research will 
also be devoted to pricing energy and reserve under the � − � security criterion and to assessing the tradeoff 
between cost and security. 
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