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Abstract – This paper concentrates on a robust charac-

terization of system security, in terms of voltage collapse 

and oscillatory instabilities, in a “typical” multi-period 

DC-OPF auction and dispatch model. This characteriza-

tion is based on the representation of the system security 

limits by means of a Neural Network (NN) approximation 

of the system security boundary. The proposed model is 

tested and compared with respect to a typical multi-period 

Security Constrained DC-OPF (SC-DC-OPF) model using 

the well-known two-area benchmark system. Results dem-

onstrate that the approach ensures, in general, better 

locational marginal prices (LMPs) and guarantees that the 

operating points resulting from the optimization solution 

process are within the desired feasible and secure region, 

contrary to the typical multi-period SC-DC-OPF model, 

which may fail to meet this condition. 

Keywords: Optimal power flow, security constraints, 

neural networks, electricity markets, power dispatch, 
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1 INTRODUCTION

In the context of deregulated electricity markets, 
power systems operating close to their security limits 
have significant effect on prices and overall operating 
costs [1]. On the other hand, stability problems, particu-
larly voltage collapse and oscillatory instabilities, have 
led to significant concerns on the part of system opera-
tors regarding the secure operation of power networks 
[2]. Therefore, the proper representation of system secu-
rity in auction and dispatch models typically used by 
system operators for clearing and dispatching power 
markets has become quite relevant, since the typical 
accounting of system security by means of simple pow-
er transfer limits on transmission lines could prove to be 
inadequate [1]. The latter is due the fact that transmis-
sion limits do not always represent the actual security 
levels directly associated with the current market and 
system conditions, since they are determined off-line 
based on system operating conditions that do not neces-
sarily correspond to the actual dispatch scenarios, which 
are mostly driven by market conditions at the time of 
dispatch, resulting in some cases in insecure operating 
conditions and/or inappropriate price signals [1], [3].

Several approaches to properly represent system se-
curity in OPF models, which are the base for market 
clearance and dispatch tools, have been proposed. For 
example, in [4], a stability-constrained OPF model is 
proposed based on a time-domain numerical representa-

tion of the dynamic equations which are included as 
constraints in the OPF process. In [5], a somewhat simi-
lar time-domain dispatch algorithm is proposed, but 
considering contingencies. In [6], the authors compare 
two different approaches to represent voltage security 
limits within OPF models; one is based on using the 
MSV of the power flow Jacobian, which is an index to 
detect proximity to voltage instability, as a security 
constraint, whereas the other is based on introducing the 
power flow equations associated with the voltage col-
lapse point as additional constraints. An enhancement to 
the MSV approach is presented in [7], where oscillatory 
and voltage instability conditions are represented 
through a “dynamic” MSV stability index. The stability 
index used in [6] and [7] is an implicit function of the 
optimization variables, and hence their derivatives can 
be only approximated numerically in order to be in-
cluded in the OPF solution process, leading to conver-
gence problems and an approximation of the actual 
security limits. An improvement to this approach is 
presented in [8], where an MSV of an “equivalent” 
power flow Jacobian and an iterative procedure are 
proposed to explicitly represent the MSV security con-
straint in the OPF model. Finally, a differentiable func-
tion that can be readily introduced as a security con-
straint in an OPF model is proposed in [9]; in this case, 
the stability boundary is approximated by a polynomial 
obtained from an interpolation procedure and a nonli-
near transformation applied to the system state va-
riables. 

All of proposed improvements available in the litera-
ture for the proper representation of security limits with-
in dispatch and auction models are based on detailed 
and somewhat complex AC-OPF models. However, in 
practice, market clearing and dispatch mechanisms are 
based on DC-OPF multi-period models [3], given their 
significant computation advantages [10], such as less 
CPU-intensive computations and linear characteristics, 
which become more relevant in the multi-period models 
needed to represent ramp rates limits of generation 
units. Therefore, the current paper concentrates on the 
better representation of system security limits in a multi-
period DC-OPF auction and dispatch model.

Extensive research work has been carried out on the 
application of Neural Networks (NNs) to properly 
represent power system stability/security margins. For 
example, in [11], an NN approach to assess power sys-
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tem stability based on training samples from off-line 
stability studies is presented. In [12], state-variable 
values are computed for a given set of contingencies, 
and these are then used as inputs to an NN to predict a 
transient stability margin. Similarly, making use of 
“nomograms”, the system security boundary is characte-
rized by means of critical system parameters randomly 
generated to yield an NN input training set in [13]; the 
NN is then trained and tested obtaining a security boun-
dary representation. A Back-Propagation Neural Net-
work (BPNN) is used in [14] to predict voltage instabili-
ties using as inputs both system load information and a 
voltage stability index; based on these inputs, the BPNN 
is used to predict new voltage stability index values for 
different operating scenarios. Also, making use of a 
trained BPNN, a representation of the system stability 
boundary is proposed in [15] to predict the available 
transfer capability of a system for any given dispatch. 
Finally, a novel approach based on BPNNs to obtain 
explicit differentiable functions of the system stabili-
ty/security boundaries is presented in [16]. This metho-
dology allows the introduction of the boundaries charac-
terized by BPNNs as constraints in OPF models. The 
effectiveness and feasibility of the approach is demon-
strated through the implementation and test of an OPF 
model for optimal dispatch and load curtailment in the 
context of competitive electricity markets.

The current paper uses the BPNN-based security 
boundary (SB) representation methodology presented in 
[16] to provide a more robust model of security limits 
within the typical DC-OPF models used in energy dis-
patch and market clearing auction mechanisms. A sin-
gle-period and a multi-period Security-Boundary-
Constrained DC-OPF (SBC DC-OPF) models for op-
timal dispatch are proposed, illustrated, tested and com-
pared with respect to the classical Security-Constrained 
DC-OPF (SC DC-OPF) models using the well-known 
IEEE 2-area system. It should be mentioned that since 
the obtained BPNN-based SB is a nonlinear function of 
the OPF variables, the obtained SBC auction model is 
nonlinear; the proper linearization of the SBC-BPNN 
has presented some significant challenges and is cur-
rently under investigation.

The rest of the paper is structured as follows: Section 
2 presents the classical SC DC-OPF-based models that 
form the basis of various existing auction systems; the 
typical representation of system security in these mod-
els, as well as the advantages and disadvantages of each 
model are also briefly discussed. Section 3 describes the 
proposed SBC OPF multi-period dispatch model, and 
presents the BPNN-based technique to estimate the 
security boundary function. Section 4 discusses the 
results obtained from the application of the proposed 
dispatch model to the two-area benchmark system, de-
monstrating its benefits. Finally, Section 5 summarizes 
and highlights the main results and contributions of this 
paper, and discusses future research directions.

2 SECURITY CONSTRAINED MARKET 

CLEARING AND DISPATCH MODELS

This section describes in some detail the basic DC-
OPF models and concepts behind auction systems used 
in practice by system operators nowadays.

2.1 SC DC-OPF

A typical DC-OPF-based auction and dispatch model 
is basically a linear programming problem, consisting of 
optimizing a specific linear objective function, subject 
to a set of linear equality and inequality constraints. 
Since in most competitive electricity markets loads are 
for all practical purposes inelastic, the objective func-
tion is basically the minimization of the total cost func-
tion. In this case, the market clearing and dispatch me-
chanism assumes the following optimization problem 
formulation [17]:

Min  !"#
"$%
&'(

(1)

s.t.  &') * &+) * , (&-./0112.$%,.3- + &-.) =

0     4 5 6 789&-. * :-.(;- * ;.) = 0   4 5,<, 5 = < 6 789&-.."# > &-. > &-..?@   4 5,<, 5 = < 6 789&'(."# > &'( > &'(.?@   4 A 6 BCD
where !" represents the cost coefficients or bids for the AEF generator in $/MW; &'( is the real power generated 

by the AEF generator participating in the bidding, in MW, 

with minimum and maximum limits &'(."# and &'(.?@ ,
respectively; &') stands for the real power injected at 

bus 5, which is basically &'( or zero if there is no gener-

ation at bus 5; &+) represents the load at bus 5; ; is the 

bus voltage phasor angle; :-. represents the transmis-

sion system admittance between buses 5 and <; and &-. stands for the power flowing through the transmis-

sion element between buses 5 and <, which is used to 
represent system security by imposing limits on these 

power flows. The system losses &-./011 can be modeled 
using a piece-wise linear (PWL) approximation of the 
losses in the transmission lines, as discussed in [18], as 
follows:

&-./011 = G-. H-.+
/$%

(I) ;-.(I) (2)

where H-.(I) is the slope of the IEF segment of the 

linearized angle difference relative to the buses 5 and <, and G-. is the conductance of the line connecting 
these buses.

In model (1), &-. limits are usually obtained by 
means of off-line loadability and stability studies. Thus, 
these analyses are performed for a variety of dispatch 
and load scenarios, considering the “worst” system 

contingencies based on, at least, an J * 1 contingency 
criterion, i.e. accounting for the worst single contingen-
cies in the system (in most systems, certain significant 
double contingencies are also considered). In this secu-
rity analysis procedure, the maximum transfer condi-
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tions may correspond to thermal limits in the transmis-
sion system equipment, bus voltage limits, voltage sta-
bility limits and/or angle stability limits. Since these 
limits are determined using operating conditions that do 
not necessarily represent actual solutions of the SC-DC-
OPF-based auction, especially if the bidding is such that 
these solutions correspond to dispatch conditions not 
considered during the off-line security studies, this 
model may lead in some cases to insecure operating 
conditions and/or inappropriate price signals [1].

2.2 Multi-period SC DC-OPF

These types of auction and dispatch models are typi-
cally SC-DC-OPF problems representing several inter-
vals in a given time window, so that inter-temporal 
constraints, such as ramp-up and ramp-down constraints 
in generators, can be properly modeled. Thus, based on 
(1) and considering the desired window of operation of 
the system, the multi-period SC-DC-OPF model takes 
the following form [17], [18], [19]:

Min   !"#
"$%
&'(

K
E$%

(3)

s.t. &'),E * &+),E * , (&-.,E/011+&-.,E)2.$%,.3- =

0 4 5 6 789,4 L&-.,E * :-. M N;-,E * ;.,EO = 0   4 5,<, 5 =< 6 789, 4 L&-.."# > &-.,E > &-..?@   4 5,<, 5 = < 6789,4 L&'(."# > &'(,E > &'(.?@   4 A 6 BCD,4 L
&'(,E * &'(,EP% > QR2( 4 A 6 BCD,4 L
&'(,EP% * &'(,E > QST( 4 A 6 BCD,4 L

where L stands for the time interval (L = 1, … ,U), and QR2( and QST( represent the ramp-down and ramp-up 

limits of the AEF generator, respectively. Once again, 
system security is represented through limits on the 
power flows in the transmission system computed off-
line.

3 NEURAL NETWORK-BASED SECURITY 

BOUNDARY CONSTRAINED DC-OPF

An alternative approach to include security con-
straints into the DC-OPF formulation for electricity 
market is discussed in this section. Thus, an SB is first 
constructed by increasing the generators’ outputs until 
the stability limits are reached for the worst contingen-

cies (J * 1 contingency criteria plus important double 
contingencies), from a base operating point and for a 
variety of loading patterns, which in practice can be 
forecasted with significant accuracy due to the inelastic-
ity of the demand. A BPNN is then used to approximate 
this boundary, and once it has been trained and tested, a 
closed form differentiable function that provides a map-
ping between the generator powers and the system’s 
security status is generated. This function is finally used 
as a constraint in DC-OPF models similar to (1) and (3).

A full and detailed description of the SB BPNN 
model and computation methodology can be found in 
[16]. Hence, in this paper, only the most relevant prin-
ciples and procedures associated with this technique are 
discussed.

3.1 Security Boundary Determination Procedure

The region where all the operating points can be 
reached without causing instability is called a “feasible 
region” [20]. At the boundary of this region, the system 
equilibrium points change their stability characteristics. 
The feasible region and the associated boundary can be 
constructed based on stability analyses of the differen-
tial-algebraic equations representing the power system
[16]: VW = X(V, Y,8, Z)

(4)
0 = G(V, Y,8, Z)

where V is a vector of dynamic state variables; Y is a 

vector of instantaneous state (algebraic) variables; 8 is a 
vector of “controllable” parameters associated with 

control settings; and Z is a vector of “uncontrollable”
parameters.

Since loads are inelastic and not really dispatchable, 
but are somewhat predictable with reasonably accuracy, 
whereas generators are dispatchable through an auction 
mechanism, feasibility boundaries are typically defined 
in practice with respect to generator power outputs (e.g. 
[21]). Hence, in this work, the SB, which is a stability 

boundary considering an J * 1 contingency criterion 
plus some relevant double contingencies, is assumed to 
be defined with respect to generator power outputs.

For each specific dispatch direction [ (i.e. the rate of 
change of power of generators that have adequate re-
serve to serve a specific and forecastable load increase 
from the base load), the operating point may reach the 
system’s feasibility boundary as the load increases, thus 
driving the system to unsecure or even unstable condi-

tions. Let \'(] be the factor of generated active power 

increase in a given generation direction defined by the 

“base” generation &'(]^ for each generator A, for all 

participating generators, the generator output for a given 
loading point is then given by&'(] = &'(]^(1 + \'(]) (5)

where A = 1,2, … ,J'  (J' is the number of participating 

generators) and [ = 1,2, … ,_ (_ is the number of di-
rections considered).

For a generation direction [, the “critical” generators’

power outputs are defined by the “critical” factors \'(]`
needed to supply a given load increase until the SB is 
reached. The boundary can then be associated with 
these values and computationally approximated by 
means of a “critical generation matrix” as follows:

_a = [b% c bd] = e \'ff` … \'fg`h i h\'jkf` … \'jkg` l (6)

This matrix, which is directly associated with the SB, is 
obtained by means of a combination of continuation 
power flow, eigenvalue and transient stability analyses 
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that allow to calculate the critical generator power fac-

tors \'(]` for the given loading conditions and relevant 

contingency criteria. The number of generation direc-
tions M is selected so that a reasonable density to cor-
rectly represent the SB is attained [16].

3.2 BPNN-based Security Boundary Mapping

The critical \'(]` values, which define the SB for the 

system model (4) along different generation directions 
for different loading conditions, can be used as training 
and testing sets of the BPNN to determine the SB map-
ping function. Thus, as explained in detail in [16], the 
SB can be approximated with the following nonlinear,
closed-form, differentiable function:

\'m` = nFo
F$%
pq\'rKs"# + :"#t  su%F + :Fv  swuF

+ :0xE = n(\'r)

(7)

where s, : and nF( ) stand for the input (AD), output 

(y8L) and hidden-layer neuron X weights, biases, and 
activation functions, respectively, of the BPNN; and \'rK = z\'f ! \'m{f \'m|f ! \'jk}
represents the J' * 1 set of generation increases with 

respect to any given base value, i.e. &'( = &'(^(1 + \'()
[16].

3.3 SBC OPF Models

The proposed SBC OPF dispatch model in its single-
period formulation can then be formulated as follows:

Min  !"
2k
"$%
&'( =   !"

2k
"$%
&'(^(1 + \'()

(8)
s.t. &') * &+) * , q&-./011 + :-.(;- *2.$%,.3-;<=0   4~56789\'m` *  nN\'rO >  0

&'(."# > &'( > &'(.?@   4 A 6 BCD
The penultimate equation in (8) above represents the SB

constraint associated with the given loading conditions &+). This constraint replaces the power flow limit con-

straints of model (1), and guarantees that the solution of 
the OPF problem remains within the required SB, as 
illustrated in the next section for a test system and vari-
ous loading conditions.

Similarly, the multi-period dispatch model (3) can be 
transformed into the following SBC OPF model:

Min   !",E&'(,�
2k
"$%

K
E$%

=  !",E&'(�,�(1 + \'(,�)
2k
"$%

K
E$%

 

(9)

s.t.  !",# $  %",# $ & ' ().*
+,-- + .()(/(.* $0

)12,)3(
/4.5=0   6789:;<,6 5
=!>,#
? $  @A=!#B C D  0   6 5

 !E)FG
  !E,#   !E)HI      6J 9 KLM,6 5

 !E,# $  !E,#NO  PQ0E     6J 9 KLM,6 5
 !E,#NO $  !E,#  PRSE     6J 9 KLM,6 5

4 RESULTS

Numerical results of applying the SBC OPF proposed 
models to the IEEE 2-area system shown in Figure 1 are 
presented and discussed in this section. This system 
consists of two areas connected through a relatively 
weak double-circuit tie line. There are four generators at 
Buses 1, 2, 3 and 4, and two loads at Buses 7 and 9; the 
generators are grouped in two areas: G1 and G2 in Area 
A, and G3 and G4 in Area B; and the active power out-
put of each generator is limited to 900 MW. All data for 
this system can be found in [22], and Table 1 shows the 
generator data required for the models and simulations.

Both the single-period (8) and the multi-period (9) 
models were applied, and the results were compared 
with respect to the corresponding “standard” SC DC-
OPF models (1) and (3) to demonstrate the advantages 
of the proposed formulation with respect to basic market 
clearing and dispatch tools currently in use. The system 
SBs were obtained following the procedure discussed in 
Section 3.1, for 21 feasible and different generation 
directions for each generation area, based on static and 
dynamic studies (PSSs were included in all generators) 
and for the worst feasible single-contingency (Line 7-8
outage). A three-layered BPNN with 8 neurons in the 
hidden layer was trained to obtain the corresponding 

Figure 1: Two-area test system [22].

Gen T [$/MWh]  !)HI [MW]  !U [MW] PRS/Q0 [MW/h]

G1 80 900 700 135

G2 80 900 700 135

G3 90 900 719 90

G4 90 900 700 90

Table 1: Generator data for the two-area system.

Loading  %V [MW]  %W [MW]

1 1389.63 1978.43

2 1452.74 2009.87

Table 2: Loading scenarios for two-area test system, single-

period model.

Time Period  %V [MW]  %W [MW]

1 967 1767

2 1021.13 1983.53

3 1085 1982.6

4 1183 1983

5 1389.63 1978.43

6 1593.63 1923.66

Table 3: Loading scenarios for two-area test system, multi-

period model.
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nonlinear mapping function (7), as explained in detail in 
[16].

In order to implement the single and multi-period si-
mulations the various loading conditions shown in 
Tables 2 and 3 were considered. A different SB was 
obtained for each loading condition, as discussed in 
more detail next.

4.1 Single-period Simulations

The single-period models (1) and (8) were solved and 
compared for the two loading conditions shown in Table 
2. The SB used in (8) for the two loading conditions 
assumed is depicted in Figure 2 in the area-generation 
parameter space. The security limits used in model (1) 
correspond to the transfer limits between the two areas, 
for one of the 21 generation directions used to obtain the 
SB.

The results obtained from solving the OPFs for the 
first loading scenario in Table 2 are illustrated in Tables 

4 and 5, respectively, where X = &  !EF stands for the 

total power generated, i.e. the total “power transaction” 
levels. The area-generation powers obtained in this case 
are illustrated in Figure 2, and Figure 3 shows the cor-
responding LMPs at all buses. Observe from these 
tables and figures that basically both OPF models (1) 
and (8) yield, for all practical purpose, very similar 
results for Loading 1, with the SBC OPF generating 
slightly higher LMPs (about 10% higher). These simi-
larity in the results is due to the fact that, as illustrated 

in Figure 2, the loading is such that the system is not 
close to its security limits. 

When the load is increased to get closer to the SB, i.e. 
for Loading 2 in Table 2, both OPF models yield differ-
ent results, with the SBC OPF (8) yielding the area-
generation powers illustrated in Figure 2, whereas the 
SC DC-OPF (1) is infeasible in this case, i.e. no solu-
tions were obtained. This can be justified in the less 
flexibility that characterizes the security modeling in (1) 
with respect to the SB representation. Observe in this 
figure that the system is much closer to its SB, as ex-
pected from the larger loading conditions.

4.2 Multi-period Simulations

The multi-period simulation corresponds to the solu-
tion of models (3) and (9) for the six time periods and 
associated loading conditions illustrated in Table 3.

The area-generation power and LMP results obtained 
from the simulations are shown in Figures 4 and 5. Note 
in Figure 4 that the dispatch levels obtained from both 
models are rather similar; however, model (3) yields an 
unsecure solution for the last time period. Also, as 
shown in Figure 5, the LMPs in most periods are about 
10% higher for model (3) than the corresponding values 
obtained from the proposed model (9); this is due to the 
fact that, during most periods, the simplified representa-
tion of security limits in (3) over-constrain the system 
when compared to the proposed SB representation, as 
demonstrated above by the infeasibility of the SC DC-
OPF model when the system conditions are close to the 
SB.

Bus Cost
[$]

LMP PG

[MW]
PL

[MW]

1 651.58 90 723.98 0

2 810.00 90.89 900 0

3 720.00 89.94 900 0

4 720.00 92.69 900 0

5 0 90 0 0

6 0 90.89 0 0

7 0 91.79 0 1389.63

8 0 92.70 0 0

9 0 93.62 0 1978.43

10 0 92.69 0 0

11 0 89.94 0 0

TOTALS Generation Cost=
$ 2,901.57

T=3,423.97 MW
Losses=55.68 MW

Table 4: Results for model (8), Loading 1.

Bus Cost
[$]

LMP PG

[MW]
PL

[MW]

1 647.08 90 718.98 0

2 810.00 91.35 900 0

3 720.00 91.80 900 0

4 720.00 94.09 900 0

5 0 90 0 0

6 0 91.35 0 0

7 0 92.72 0 1389.63

8 0 94.11 0 0

9 0 95.52 0 1978.43

10 0 94.09 0 0

11 0 91.80 0 0

TOTALS Generation Cost=
$ 2,897.08

T=3,418.98 MW
Losses=47.84 MW

Table 5: Results for model (1), Loading 1

Figure 2: Security boundary and dispatch solutions for both 

single-period OPF models.

Figure 3: LMPs from single-period OPFs for Loading 1.
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CONCLUSIONS

This paper proposed a new approach to model system 
security constraints in DC-OPF-based market clearing 
and dispatch mechanisms, based on the nonlinear repre-
sentation obtained from a BPNN model of the security 

boundary. This nonlinear function was directly used as a 
security constraint in a proposed SBC OPF model, in 
order to properly clear and dispatch a typical electricity 
market while ensuring that the optimal operating condi-
tions are within a feasible and secure region. The pro-
posed approach was tested using a benchmark system, 

Figure 4: Area-generations obtained for both multi-period OPF models for the 6 time periods: (a) 1; (b) 2; (c) 3; (d) 4; (e) 5; and (f) 

6.

Figure 5: LMPs obtained for both multi-period OPF models for the 6 time periods: (a) 1; (b) 2; (c) 3; (d) 4; (e) 5; and (f) 6.
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demonstrating its feasibility and advantages with respect 
to DC-OPF-based auction models currently used in 
practice.

The adequacy of the proposed SBC OPF model with 
respect to the widely-used SC DC-OPF model is dem-
onstrated by the fact that, in general, it yields better 
pricing and system security conditions, at rather similar 
computational burden; moreover, the proposed model 
proved to be particularly effective for stressed system 
conditions. Therefore, the proposed auction algorithm
should provide system operators with a more complete 
and reliable support tool for market clearing and power 
dispatch. However, given that the proposed SBC OPF 
model is nonlinear due to the presence of the NN SB 
function, whereas in practice most energy dispatch and 
market clearing mechanisms are based on linear DC-
OPFs, the proper linearization of the proposed NN SB is 
currently being investigated.
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PRACTICAL SECURITY-BOUNDARY-CONSTRAINED

DISPATCH MODELS FOR ELECTRICITY MARKETS

Response to Reviewers’ Comments

1. The first Paragraph of the abstract is not appropriate. Do you mean that other 

characterization of power system security are improper? Rather you could say that your 

approach to the subject is more robust.

The Abstract and Introduction have been slightly revised to address this issue. This and 

other changes are highlighted in yellow.

2. How do you choose the dispatch direction "j"? In Sec 4, you choose 21 directions. Is it 

necessary to choose 21 directions? Is it impossible to reduce the number of directions?

A sentence to clarify this issue at the end of Section 3.1 has been added.

3. If you choose so many directions, the calculation burden should be heavy. Did you compare 

the computation time between SC DC-OPF and your proposed SBC DC-OPF?

The answer to this was provided in the Conclusions, where the computational burden for the 

SC DC OPF and SBC DC OPF is mentioned to be similar. Since the SB is determined off-

line as discussed in section 3.1, this does not impact directly the computational burden of the 

proposed methodology.

4. As the security boundary is calculated, when the operating point is not heavy, the results 

should require more margin to the boundary. Therefore, the result of SC DC-OPF is good. I 

think your proposed method is more effective to the severe condition. Is it right?

Correct; thus, a sentence has been added to the Conclusions to make this clearer.

5. In Sec 4.1, you mentioned SC DC-OPF is infeasible for Loading 2. Is it infeasible truly? Do 

you check the solution method of SC DC-OPF?

The SC DC-OPF proved to be infeasible for Loading 2. A sentence to explain this outcome 

has been added to Sec. 4.1. 

6. In Sec 4.2, you point out that "the simplified representation of security limit in (3) over-

constraint the system". I cannot agree it as I think it is opposite.

We respectfully disagree with this statement, since the infeasibility of the SC DC-OPF when 

close to the SB clearly supports our statement. This argument has been added at the end of 

Section 4.2 to support this statement. 
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7. In Figure 4, you insist that the solution of SC-DC-OPF violated the limits (might be under-

constrained). On the other hand, in Figure 5, the limits in SC-DC-OPF were over-

constrained. Why?

We believe that this issue has been addressed in our response to comments 5 and 6. 

8. In Figure 5, the author said "LMPs for (3) is 10% higher than (9)". However, in (b) and (f), 

the LMP for SBC-OPF is higher than SC-OPF.

Please note that the full statement reads “the LMPs in most periods are about 10% higher for 

model (3) than the corresponding values obtained from the proposed model (9)”, i.e. this 

refers to most and not all results.

9. The axes on figure 4 and 5 are not clear.

These figures’ axes have been clarified.
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Abstract – This paper concentrates on a robust charac-

terization of system security, in terms of voltage collapse 

and oscillatory instabilities, in a “typical” multi-period 

DC-OPF auction and dispatch model. This characteriza-

tion is based on the representation of the system security 

limits by means of a Neural Network (NN) approximation 

of the system security boundary. The proposed model is 

tested and compared with respect to a typical multi-period 

Security Constrained DC-OPF (SC-DC-OPF) model using 

the well-known two-area benchmark system. Results dem-

onstrate that the approach ensures, in general, better 

locational marginal prices (LMPs) and guarantees that the 

operating points resulting from the optimization solution 

process are within the desired feasible and secure region, 

contrary to the typical multi-period SC-DC-OPF model, 

which may fail to meet this condition. 

Keywords: Optimal power flow, security constraints, 

neural networks, electricity markets, power dispatch, 

locational marginal pricing.

1 INTRODUCTION

In the context of deregulated electricity markets, 
power systems operating close to their security limits 
have significant effect on prices and overall operating 
costs [1]. On the other hand, stability problems, particu-
larly voltage collapse and oscillatory instabilities, have 
led to significant concerns on the part of system opera-
tors regarding the secure operation of power networks 
[2]. Therefore, the proper representation of system secu-
rity in auction and dispatch models typically used by 
system operators for clearing and dispatching power 
markets has become quite relevant, since the typical 
accounting of system security by means of simple pow-
er transfer limits on transmission lines could prove to be 
inadequate [1]. The latter is due the fact that transmis-
sion limits do not always represent the actual security 
levels directly associated with the current market and 
system conditions, since they are determined off-line 
based on system operating conditions that do not neces-
sarily correspond to the actual dispatch scenarios, which 
are mostly driven by market conditions at the time of 
dispatch, resulting in some cases in insecure operating 
conditions and/or inappropriate price signals [1], [3].

Several approaches to properly represent system se-
curity in OPF models, which are the base for market 
clearance and dispatch tools, have been proposed. For 
example, in [4], a stability-constrained OPF model is 
proposed based on a time-domain numerical representa-

tion of the dynamic equations which are included as 
constraints in the OPF process. In [5], a somewhat simi-
lar time-domain dispatch algorithm is proposed, but 
considering contingencies. In [6], the authors compare 
two different approaches to represent voltage security 
limits within OPF models; one is based on using the 
MSV of the power flow Jacobian, which is an index to 
detect proximity to voltage instability, as a security 
constraint, whereas the other is based on introducing the 
power flow equations associated with the voltage col-
lapse point as additional constraints. An enhancement to 
the MSV approach is presented in [7], where oscillatory 
and voltage instability conditions are represented 
through a “dynamic” MSV stability index. The stability 
index used in [6] and [7] is an implicit function of the 
optimization variables, and hence their derivatives can 
be only approximated numerically in order to be in-
cluded in the OPF solution process, leading to conver-
gence problems and an approximation of the actual 
security limits. An improvement to this approach is 
presented in [8], where an MSV of an “equivalent” 
power flow Jacobian and an iterative procedure are 
proposed to explicitly represent the MSV security con-
straint in the OPF model. Finally, a differentiable func-
tion that can be readily introduced as a security con-
straint in an OPF model is proposed in [9]; in this case, 
the stability boundary is approximated by a polynomial 
obtained from an interpolation procedure and a nonli-
near transformation applied to the system state va-
riables. 

All of proposed improvements available in the litera-
ture for the proper representation of security limits with-
in dispatch and auction models are based on detailed 
and somewhat complex AC-OPF models. However, in 
practice, market clearing and dispatch mechanisms are 
based on DC-OPF multi-period models [3], given their 
significant computation advantages [10], such as less 
CPU-intensive computations and linear characteristics, 
which become more relevant in the multi-period models 
needed to represent ramp rates limits of generation 
units. Therefore, the current paper concentrates on the 
better representation of system security limits in a multi-
period DC-OPF auction and dispatch model.

Extensive research work has been carried out on the 
application of Neural Networks (NNs) to properly 
represent power system stability/security margins. For 
example, in [11], an NN approach to assess power sys-
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tem stability based on training samples from off-line 
stability studies is presented. In [12], state-variable 
values are computed for a given set of contingencies, 
and these are then used as inputs to an NN to predict a 
transient stability margin. Similarly, making use of 
“nomograms”, the system security boundary is characte-
rized by means of critical system parameters randomly 
generated to yield an NN input training set in [13]; the 
NN is then trained and tested obtaining a security boun-
dary representation. A Back-Propagation Neural Net-
work (BPNN) is used in [14] to predict voltage instabili-
ties using as inputs both system load information and a 
voltage stability index; based on these inputs, the BPNN 
is used to predict new voltage stability index values for 
different operating scenarios. Also, making use of a 
trained BPNN, a representation of the system stability 
boundary is proposed in [15] to predict the available 
transfer capability of a system for any given dispatch. 
Finally, a novel approach based on BPNNs to obtain 
explicit differentiable functions of the system stabili-
ty/security boundaries is presented in [16]. This metho-
dology allows the introduction of the boundaries charac-
terized by BPNNs as constraints in OPF models. The 
effectiveness and feasibility of the approach is demon-
strated through the implementation and test of an OPF 
model for optimal dispatch and load curtailment in the 
context of competitive electricity markets.

The current paper uses the BPNN-based security 
boundary (SB) representation methodology presented in 
[16] to provide a more robust model of security limits 
within the typical DC-OPF models used in energy dis-
patch and market clearing auction mechanisms. A sin-
gle-period and a multi-period Security-Boundary-
Constrained DC-OPF (SBC DC-OPF) models for op-
timal dispatch are proposed, illustrated, tested and com-
pared with respect to the classical Security-Constrained 
DC-OPF (SC DC-OPF) models using the well-known 
IEEE 2-area system. It should be mentioned that since 
the obtained BPNN-based SB is a nonlinear function of 
the OPF variables, the obtained SBC auction model is 
nonlinear; the proper linearization of the SBC-BPNN 
has presented some significant challenges and is cur-
rently under investigation.

The rest of the paper is structured as follows: Section 
2 presents the classical SC DC-OPF-based models that 
form the basis of various existing auction systems; the 
typical representation of system security in these mod-
els, as well as the advantages and disadvantages of each 
model are also briefly discussed. Section 3 describes the 
proposed SBC OPF multi-period dispatch model, and 
presents the BPNN-based technique to estimate the 
security boundary function. Section 4 discusses the 
results obtained from the application of the proposed 
dispatch model to the two-area benchmark system, de-
monstrating its benefits. Finally, Section 5 summarizes 
and highlights the main results and contributions of this 
paper, and discusses future research directions.

2 SECURITY CONSTRAINED MARKET 

CLEARING AND DISPATCH MODELS

This section describes in some detail the basic DC-
OPF models and concepts behind auction systems used 
in practice by system operators nowadays.

2.1 SC DC-OPF

A typical DC-OPF-based auction and dispatch model 
is basically a linear programming problem, consisting of 
optimizing a specific linear objective function, subject 
to a set of linear equality and inequality constraints. 
Since in most competitive electricity markets loads are 
for all practical purposes inelastic, the objective func-
tion is basically the minimization of the total cost func-
tion. In this case, the market clearing and dispatch me-
chanism assumes the following optimization problem 
formulation [17]:

Min  !"#
"$%
&'(

(1)

s.t.  &') * &+) * , (&-./0112.$%,.3- + &-.) =

0     4 5 6 789&-. * :-.(;- * ;.) = 0   4 5,<, 5 = < 6 789&-.."# > &-. > &-..?@   4 5,<, 5 = < 6 789&'(."# > &'( > &'(.?@   4 A 6 BCD
where !" represents the cost coefficients or bids for the AEF generator in $/MW; &'( is the real power generated 

by the AEF generator participating in the bidding, in MW, 

with minimum and maximum limits &'(."# and &'(.?@ ,
respectively; &') stands for the real power injected at 

bus 5, which is basically &'( or zero if there is no gener-

ation at bus 5; &+) represents the load at bus 5; ; is the 

bus voltage phasor angle; :-. represents the transmis-

sion system admittance between buses 5 and <; and &-. stands for the power flowing through the transmis-

sion element between buses 5 and <, which is used to 
represent system security by imposing limits on these 

power flows. The system losses &-./011 can be modeled 
using a piece-wise linear (PWL) approximation of the 
losses in the transmission lines, as discussed in [18], as 
follows:

&-./011 = G-. H-.+
/$%

(I) ;-.(I) (2)

where H-.(I) is the slope of the IEF segment of the 

linearized angle difference relative to the buses 5 and <, and G-. is the conductance of the line connecting 
these buses.

In model (1), &-. limits are usually obtained by 
means of off-line loadability and stability studies. Thus, 
these analyses are performed for a variety of dispatch 
and load scenarios, considering the “worst” system 

contingencies based on, at least, an J * 1 contingency 
criterion, i.e. accounting for the worst single contingen-
cies in the system (in most systems, certain significant 
double contingencies are also considered). In this secu-
rity analysis procedure, the maximum transfer condi-
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tions may correspond to thermal limits in the transmis-
sion system equipment, bus voltage limits, voltage sta-
bility limits and/or angle stability limits. Since these 
limits are determined using operating conditions that do 
not necessarily represent actual solutions of the SC-DC-
OPF-based auction, especially if the bidding is such that 
these solutions correspond to dispatch conditions not 
considered during the off-line security studies, this 
model may lead in some cases to insecure operating 
conditions and/or inappropriate price signals [1].

2.2 Multi-period SC DC-OPF

These types of auction and dispatch models are typi-
cally SC-DC-OPF problems representing several inter-
vals in a given time window, so that inter-temporal 
constraints, such as ramp-up and ramp-down constraints 
in generators, can be properly modeled. Thus, based on 
(1) and considering the desired window of operation of 
the system, the multi-period SC-DC-OPF model takes 
the following form [17], [18], [19]:

Min   !"#
"$%
&'(

K
E$%

(3)

s.t. &'),E * &+),E * , (&-.,E/011+&-.,E)2.$%,.3- =

0 4 5 6 789,4 L&-.,E * :-. M N;-,E * ;.,EO = 0   4 5,<, 5 =< 6 789, 4 L&-.."# > &-.,E > &-..?@   4 5,<, 5 = < 6789,4 L&'(."# > &'(,E > &'(.?@   4 A 6 BCD,4 L
&'(,E * &'(,EP% > QR2( 4 A 6 BCD,4 L
&'(,EP% * &'(,E > QST( 4 A 6 BCD,4 L

where L stands for the time interval (L = 1, … ,U), and QR2( and QST( represent the ramp-down and ramp-up 

limits of the AEF generator, respectively. Once again, 
system security is represented through limits on the 
power flows in the transmission system computed off-
line.

3 NEURAL NETWORK-BASED SECURITY 

BOUNDARY CONSTRAINED DC-OPF

An alternative approach to include security con-
straints into the DC-OPF formulation for electricity 
market is discussed in this section. Thus, an SB is first 
constructed by increasing the generators’ outputs until 
the stability limits are reached for the worst contingen-

cies (J * 1 contingency criteria plus important double 
contingencies), from a base operating point and for a 
variety of loading patterns, which in practice can be 
forecasted with significant accuracy due to the inelastic-
ity of the demand. A BPNN is then used to approximate 
this boundary, and once it has been trained and tested, a 
closed form differentiable function that provides a map-
ping between the generator powers and the system’s 
security status is generated. This function is finally used 
as a constraint in DC-OPF models similar to (1) and (3).

A full and detailed description of the SB BPNN 
model and computation methodology can be found in 
[16]. Hence, in this paper, only the most relevant prin-
ciples and procedures associated with this technique are 
discussed.

3.1 Security Boundary Determination Procedure

The region where all the operating points can be 
reached without causing instability is called a “feasible 
region” [20]. At the boundary of this region, the system 
equilibrium points change their stability characteristics. 
The feasible region and the associated boundary can be 
constructed based on stability analyses of the differen-
tial-algebraic equations representing the power system
[16]: VW = X(V, Y,8, Z)

(4)
0 = G(V, Y,8, Z)

where V is a vector of dynamic state variables; Y is a 

vector of instantaneous state (algebraic) variables; 8 is a 
vector of “controllable” parameters associated with 

control settings; and Z is a vector of “uncontrollable”
parameters.

Since loads are inelastic and not really dispatchable, 
but are somewhat predictable with reasonably accuracy, 
whereas generators are dispatchable through an auction 
mechanism, feasibility boundaries are typically defined 
in practice with respect to generator power outputs (e.g. 
[21]). Hence, in this work, the SB, which is a stability 

boundary considering an J * 1 contingency criterion 
plus some relevant double contingencies, is assumed to 
be defined with respect to generator power outputs.

For each specific dispatch direction [ (i.e. the rate of 
change of power of generators that have adequate re-
serve to serve a specific and forecastable load increase 
from the base load), the operating point may reach the 
system’s feasibility boundary as the load increases, thus 
driving the system to unsecure or even unstable condi-

tions. Let \'(] be the factor of generated active power 

increase in a given generation direction defined by the 

“base” generation &'(]^ for each generator A, for all 

participating generators, the generator output for a given 
loading point is then given by&'(] = &'(]^(1 + \'(]) (5)

where A = 1,2, … ,J'  (J' is the number of participating 

generators) and [ = 1,2, … ,_ (_ is the number of di-
rections considered).

For a generation direction [, the “critical” generators’

power outputs are defined by the “critical” factors \'(]`
needed to supply a given load increase until the SB is 
reached. The boundary can then be associated with 
these values and computationally approximated by 
means of a “critical generation matrix” as follows:

_a = [b% c bd] = e \'ff` … \'fg`h i h\'jkf` … \'jkg` l (6)

This matrix, which is directly associated with the SB, is 
obtained by means of a combination of continuation 
power flow, eigenvalue and transient stability analyses 
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that allow to calculate the critical generator power fac-

tors \'(]` for the given loading conditions and relevant 

contingency criteria. The number of generation direc-
tions M is selected so that a reasonable density to cor-
rectly represent the SB is attained [16].

3.2 BPNN-based Security Boundary Mapping

The critical \'(]` values, which define the SB for the 

system model (4) along different generation directions 
for different loading conditions, can be used as training 
and testing sets of the BPNN to determine the SB map-
ping function. Thus, as explained in detail in [16], the 
SB can be approximated with the following nonlinear,
closed-form, differentiable function:

\'m` = nFo
F$%
pq\'rKs"# + :"#t  su%F + :Fv  swuF

+ :0xE = n(\'r)

(7)

where s, : and nF( ) stand for the input (AD), output 

(y8L) and hidden-layer neuron X weights, biases, and 
activation functions, respectively, of the BPNN; and \'rK = z\'f ! \'m{f \'m|f ! \'jk}
represents the J' * 1 set of generation increases with 

respect to any given base value, i.e. &'( = &'(^(1 + \'()
[16].

3.3 SBC OPF Models

The proposed SBC OPF dispatch model in its single-
period formulation can then be formulated as follows:

Min  !"
2k
"$%
&'( =   !"

2k
"$%
&'(^(1 + \'()

(8)
s.t. &') * &+) * , q&-./011 + :-.(;- *2.$%,.3-;<=0   4~56789\'m` *  nN\'rO >  0

&'(."# > &'( > &'(.?@   4 A 6 BCD
The penultimate equation in (8) above represents the SB

constraint associated with the given loading conditions &+). This constraint replaces the power flow limit con-

straints of model (1), and guarantees that the solution of 
the OPF problem remains within the required SB, as 
illustrated in the next section for a test system and vari-
ous loading conditions.

Similarly, the multi-period dispatch model (3) can be 
transformed into the following SBC OPF model:

Min   !",E&'(,�
2k
"$%

K
E$%

=  !",E&'(�,�(1 + \'(,�)
2k
"$%

K
E$%

 

(9)

s.t. &'),� * &+),� * , q&-..E/011 + :-.(;-.E *2.$%,.3-;<.L=0   4~56789,4 L\'m,�` *  nN\'�r O >  0   4 L&'(."# " &'(,� " &'(.?@      4A 6 BCD,4 L&'(,� * &'(,�|f " QR2(     4A 6 BCD,4 L&'(,�|f * &'(,� " QST(     4A 6 BCD,4 L
4 RESULTS

Numerical results of applying the SBC OPF proposed 
models to the IEEE 2-area system shown in Figure 1 are 
presented and discussed in this section. This system 
consists of two areas connected through a relatively 
weak double-circuit tie line. There are four generators at 
Buses 1, 2, 3 and 4, and two loads at Buses 7 and 9; the 
generators are grouped in two areas: G1 and G2 in Area 
A, and G3 and G4 in Area B; and the active power out-
put of each generator is limited to 900 MW. All data for 
this system can be found in [22], and Table 1 shows the 
generator data required for the models and simulations.

Both the single-period (8) and the multi-period (9) 
models were applied, and the results were compared 
with respect to the corresponding “standard” SC DC-
OPF models (1) and (3) to demonstrate the advantages 
of the proposed formulation with respect to basic market 
clearing and dispatch tools currently in use. The system 
SBs were obtained following the procedure discussed in 
Section 3.1, for 21 feasible and different generation 
directions for each generation area, based on static and 
dynamic studies (PSSs were included in all generators) 
and for the worst feasible single-contingency (Line 7-8
outage). A three-layered BPNN with 8 neurons in the 
hidden layer was trained to obtain the corresponding 

Figure 1: Two-area test system [22].

Gen ! [$/MWh] &'.?@ [MW] &'� [MW] QST/R2 [MW/h]

G1 80 900 700 135

G2 80 900 700 135

G3 90 900 719 90

G4 90 900 700 90

Table 1: Generator data for the two-area system.

Loading &+� [MW] &+� [MW]

1 1389.63 1978.43

2 1452.74 2009.87

Table 2: Loading scenarios for two-area test system, single-

period model.

Time Period  !" [MW]  !# [MW]

1 967 1767

2 1021.13 1983.53

3 1085 1982.6

4 1183 1983

5 1389.63 1978.43

6 1593.63 1923.66

Table 3: Loading scenarios for two-area test system, multi-

period model.
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nonlinear mapping function (7), as explained in detail in 
[16].

In order to implement the single and multi-period si-
mulations the various loading conditions shown in 
Tables 2 and 3 were considered. A different SB was 
obtained for each loading condition, as discussed in 
more detail next.

4.1 Single-period Simulations

The single-period models (1) and (8) were solved and 
compared for the two loading conditions shown in Table 
2. The SB used in (8) for the two loading conditions 
assumed is depicted in Figure 2 in the area-generation 
parameter space. The security limits used in model (1) 
correspond to the transfer limits between the two areas, 
for one of the 21 generation directions used to obtain the 
SB.

The results obtained from solving the OPFs for the 
first loading scenario in Table 2 are illustrated in Tables 

4 and 5, respectively, where $ = %  &'( stands for the 

total power generated, i.e. the total “power transaction” 
levels. The area-generation powers obtained in this case 
are illustrated in Figure 2, and Figure 3 shows the cor-
responding LMPs at all buses. Observe from these 
tables and figures that basically both OPF models (1) 
and (8) yield, for all practical purpose, very similar 
results for Loading 1, with the SBC OPF generating 
slightly higher LMPs (about 10% higher). These simi-
larity in the results is due to the fact that, as illustrated 

in Figure 2, the loading is such that the system is not 
close to its security limits. 

When the load is increased to get closer to the SB, i.e. 
for Loading 2 in Table 2, both OPF models yield differ-
ent results, with the SBC OPF (8) yielding the area-
generation powers illustrated in Figure 2, whereas the 
SC DC-OPF (1) is infeasible in this case, i.e. no solu-
tions were obtained. This can be justified in the less 
flexibility that characterizes the security modeling in (1) 
with respect to the SB representation. Observe in this 
figure that the system is much closer to its SB, as ex-
pected from the larger loading conditions.

4.2 Multi-period Simulations

The multi-period simulation corresponds to the solu-
tion of models (3) and (9) for the six time periods and 
associated loading conditions illustrated in Table 3.

The area-generation power and LMP results obtained 
from the simulations are shown in Figures 4 and 5. Note 
in Figure 4 that the dispatch levels obtained from both 
models are rather similar; however, model (3) yields an 
unsecure solution for the last time period. Also, as 
shown in Figure 5, the LMPs in most periods are about 
10% higher for model (3) than the corresponding values 
obtained from the proposed model (9); this is due to the 
fact that, during most periods, the simplified representa-
tion of security limits in (3) over-constrain the system 
when compared to the proposed SB representation, as 
demonstrated above by the infeasibility of the SC DC-
OPF model when the system conditions are close to the 
SB.

Bus Cost
[$]

LMP PG

[MW]
PL

[MW]

1 651.58 90 723.98 0

2 810.00 90.89 900 0

3 720.00 89.94 900 0

4 720.00 92.69 900 0

5 0 90 0 0

6 0 90.89 0 0

7 0 91.79 0 1389.63

8 0 92.70 0 0

9 0 93.62 0 1978.43

10 0 92.69 0 0

11 0 89.94 0 0

TOTALS Generation Cost=
$ 2,901.57

T=3,423.97 MW
Losses=55.68 MW

Table 4: Results for model (8), Loading 1.

Bus Cost
[$]

LMP PG

[MW]
PL

[MW]

1 647.08 90 718.98 0

2 810.00 91.35 900 0

3 720.00 91.80 900 0

4 720.00 94.09 900 0

5 0 90 0 0

6 0 91.35 0 0

7 0 92.72 0 1389.63

8 0 94.11 0 0

9 0 95.52 0 1978.43

10 0 94.09 0 0

11 0 91.80 0 0

TOTALS Generation Cost=
$ 2,897.08

T=3,418.98 MW
Losses=47.84 MW

Table 5: Results for model (1), Loading 1

Figure 2: Security boundary and dispatch solutions for both 

single-period OPF models.

Figure 3: LMPs from single-period OPFs for Loading 1.
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CONCLUSIONS

This paper proposed a new approach to model system 
security constraints in DC-OPF-based market clearing 
and dispatch mechanisms, based on the nonlinear repre-
sentation obtained from a BPNN model of the security 

boundary. This nonlinear function was directly used as a 
security constraint in a proposed SBC OPF model, in 
order to properly clear and dispatch a typical electricity 
market while ensuring that the optimal operating condi-
tions are within a feasible and secure region. The pro-
posed approach was tested using a benchmark system, 

Figure 4: Area-generations obtained for both multi-period OPF models for the 6 time periods: (a) 1; (b) 2; (c) 3; (d) 4; (e) 5; and (f) 

6.

Figure 5: LMPs obtained for both multi-period OPF models for the 6 time periods: (a) 1; (b) 2; (c) 3; (d) 4; (e) 5; and (f) 6.
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demonstrating its feasibility and advantages with respect 
to DC-OPF-based auction models currently used in 
practice.

The adequacy of the proposed SBC OPF model with 
respect to the widely-used SC DC-OPF model is dem-
onstrated by the fact that, in general, it yields better 
pricing and system security conditions, at rather similar 
computational burden; moreover, the proposed model 
proved to be particularly effective for stressed system 
conditions. Therefore, the proposed auction algorithm
should provide system operators with a more complete 
and reliable support tool for market clearing and power 
dispatch. However, given that the proposed SBC OPF 
model is nonlinear due to the presence of the NN SB 
function, whereas in practice most energy dispatch and 
market clearing mechanisms are based on linear DC-
OPFs, the proper linearization of the proposed NN SB is 
currently being investigated.
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