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Abstract - A classification of consumers in the power
market into different classes from a pricing perspective has
been a frequent source of controversy between the energy
producer and consumer interest groups since electricity is
considered to be a commodity product. Although differ-
ences of demand elasticity and variation in costs of service
among the different classes justify discriminatory pricing,
since it is difficult to allocate transmission cost among differ-
ent consumer classes, utility companies and utility commis-
sions cannot objectively determine how much the rate differ-
ential should be. This paper presents the rules for allocating
supply to each class of consumers based on an efficient allo-
cation of resource. Classes of consumers being allocated less
resource receive monetary compensation from other classes.
The price differential is determined by the inter-class com-
pensations which are based on the outcome of a cooperative
game among the user classes and the determination of the
Shapley Value of each class.
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1 Introduction

In the power market, the supplier creates the first de-
gree price discrimination by product discrimination. Since
electricity is a highly homogeneous product, a producer
can only differentiate by offering different degrees of in-
corruptibility. The second degree price discrimination can
be effected by the producer charging a higher price ini-
tially and decreasing price for increasing amounts. In the
third degree price discrimination, the one we will investi-
gate in this paper, the supplier charges different consumers
different amounts for the same product and manages to
do so by providing different tariffs for different consumer
classes; for example, residence consumers, business con-
sumers and industrial consumers [1]. As shown in Fig. 1,
producers charge the highest price for residence consumer
and lowest price for industrial consumers.

Differences in demand elasticity among consumer
groups can be viewed as an important reason to study the
impact of discriminatory pricing. The demand of the in-
dustrial consumers for electricity is more elastic than the
aggregate demand of small residential consumers. Partic-
ularly for large industrial consumers, electricity should be
offered at a price comparable to the price of alternative
sources of power. In addition, these consumers also, gen-
erally, have the option of constructing their own electric-
generating system. Therefore, industrial consumers have a

relatively elastic demand for electricity. Producers would
be, generally, interested in restricting sales to the con-
sumers with less elasticity demand and increasing sales
to consumers with greater elasticity of demand.
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Figure 1: Average Retail Price of Electricity to Ultimate
consumers by End-Use Sector, Year-to-Date through June
2010 and 2009, Source: Energy Information Administra-
tion [2]

Furthermore, there are also other reasons for price dif-
ferential among classes of consumers. These are related
to the difference in cost of services. For producers, the
problem lies in how to distribute fixed costs among dif-
ferent classes of consumers. There have been several pro-
posed strategies for cost sharing of a transmission system,
such as the postagestamp method, MW-miles method, and
short-run marginal cost (SRMC) [3]. The postage-stamp
method is the simplest method of charging for transmis-
sion services, irrespective of supply and delivery points.
However, research has shown some fatal flaws in this
method. One of the most important drawbacks is that the
costs are divided evenly among all users independent of
the actual cost they cause the system. In other words,
light-users of the system would, in fact, be subsidising
the others that use the system heavily [4]. The MW-miles
method is an attempt to compensate for this shortcoming
by charging different transactions in proportion to their us-
age of the grid. But this method continues to suffer from a
failure to encourage economically optimal usage of trans-
mission assets by distinguishing the marginal cost influ-
ence on the transmission network brought by each trans-
action. SRMC pricing has also been extensively studied
in relation to transmission services. However, due to the
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dominance of the fixed cost component in the provision
of transmission services, the approach does not always re-
cover the cost of the transmission system [5].

It costs more per unit of service to serve small and resi-
dential consumers compared to commercial and industrial
consumers. Producers are also right in their assumptions
that consumers with low-load factors should pay a higher
price than consumers with high-load factors. Load factor
is defined as the ratio of average to maximum consump-
tion for a selected period of time. Although the differences
in cost warrant rate differences, it does not determine how
much the rate differentials should be.

In this paper, we investigate price differentials among
classes of consumers in a game theoretic framework. Each
class of consumers has a different willingness to pay for
the electricity and the utility function of a class is depen-
dent on this willingness. Producers allocate their supply
or the cost of producing the supply to each class so as to
maximize all consumers’ utilities. Monetary compensa-
tions are set up for those classes which have been allocated
less resource. And the price difference is set up based on
these inter-class compensations. We model this supply al-
location problem as a transfer utility game (utilities may
be divided among the classes in any way) and then solve it
by applying the Shapley Value which will be introduced in
Section 3. We consider that the total utility of a coalition
is the total utility its members (classes) would have if they
had the privilege of being allocated more electricity. The
utility share associated with each class corresponds to the
Shapley Value of the game.

The Shapley Value has been studied in power system
transmission cost allocation among market participants
(power plants) [3, 6, 7]. The concept of monetary com-
pensation among agents in a cooperative game was first
proposed in [8]. Each agent in [8] has a different unit wait-
ing cost and a queue is organized to minimize total wait-
ing cost. Agents that have lower priority in the queue and
therefore longer waiting time receive monetary compensa-
tions from agents having smaller waiting time. Reference
[9] has interpreted the worth of a coalition of agents in a
different manner for the same model as in [8], and derived
adifferent rule. In [10, 11], the queuing problem is studied
from a strategic point of view under the assumption that all
agents have identical unit waiting cost. In our paper, we
borrow the concept of monetary compensation from [8]
and propose a fair and efficient way to derive the rate dif-
ferentials among classes of consumers based on inter-class
compensations.

The rest of paper is organized as follows. In Section
2, we present the model. The cooperative game and the
Shapley Value are studied in Section 3. In Section 4, we
investigate the pricing scheme. An illustrative example is
given in Section 5, and Section 6 captures our conclusion.

2 The model

We consider the electricity market with n classes of
consumers as shown in Fig. 2. As stated in Section 1,
the electricity market normally has three classes of con-

sumers: residential consumers, commercial consumers
and industrial consumers. We use n to denote number of
classes of consumers in case producers further segment
the market. The supply c is allocated among the n classes
of consumers and we use ¢; to denote the resource allo-
cated to class ¢. From producers’ perspective, we can also
assume c as the cost of producing the supply and c; as the
cost allocated to class ¢ consumers.

The set of classes are denoted as N = {1,...,n}. As
said in Section 1, different classes of consumers have dif-
ferent elasticity and different willingness to pay. We use
w; to denote class ¢ consumers’ willingness to pay for
the electricity. If a class of consumers is relatively in-
elastic to demand, it means that its members are insen-
sitive to the prices and have, therefore, a large willing-
ness to pay for the service. Given a resource allocation
¢ = (e1, 2, ..., Cp), the utility of each class i is defined as:

u;(¢;) = wiloge;

ey

class 1 demand allocation to class 1, €

class 2 demand allocation to class 2, C,

class n demand allocation to class n, C,

Figure 2: Resource allocation
The total utility of all classes of consumers due to an
resource allocation ¢ = (¢1, ¢3, ..., ¢,,) can be written as:

u(N) = Zwilogc,- 2)
i=1

We define an allocation as (¢, t), where ¢
(c1, ¢, ..., cy) is the resource allocated to each class and
t = (t1,t2, ..., t,) is the monetary transfer related to each
class. Given a resource allocation ¢ and a transfer ¢, the
utility share for class 7, @; is defined as,

3)

We define an allocation (¢, t) to be efficient when-
ever it maximizes the total utility of all classes (i.e. u(V)
is maximized) and no transfer is lost (i.e. Z;;l t; =0).

We also define that an efficient resource allocation ¢
is the one which maximizes the total utility of all classes
u(N).

Let’s look at (2), the total utility maximization prob-
lem becomes:

pi = u;(c;) +ti = wiloge; + 1t
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n
maximize; u(N) = Z w;loge; 4)
i=1
subject to the following constraint:
dac<e 5)
i=1

It can be observed that the u(N) is a strictly con-
cave function over a closed and bounded set defined by
(5). Therefore, a unique maximum always exists. We now
use Lagrangian multipliers to append constraint to the ob-
jective function. Thus, we can rewrite this maximization
problem as:

maximize; Z w;loge; — v(z ci—c) 6)
i=1 i=1
The necessary and sufficient Karush-Kuhn-Tucker
(KKT) Conditions [12] applicable to (6) are given by:

=y =0 ™)
C;
and,
YO ei—e)=0 (®)
i=1

And from (7) and (8), we find that " ;¢; —c¢ = 0
and the efficient resource allocation ¢ = (¢, ¢3, ..., ¢, ) for
each class ¢; is proportional to its willingness to pay w;,

w;c
—_
D1 Wi

So far, we have calculated u;(c;) in (3) based on ef-
ficient resource allocation ¢. In the next section, we will
calculate the utility share o, from another perspective: by
treating it as a cooperative game and set up the utility share
for each class using the Shapley Value.

€))

C; =

3 Utility share

Another way of solving the utility share ¢; for each
class is by viewing the problem as a cooperative game. As
shown in Section 2, each class tries to get more resource
to maximize its utility as in (1). Formally speaking, a co-
operative game is defined as a game in which the decision
makers or agents can conclude a binding agreement as to
which outcome will be chosen to exploit the possibility of
common interest. Cooperation in the sense of game the-
ory does not mean that either party sacrifices its own inter-
ests for the sake of the other, only that each communicates
and coordinates its actions for the purpose of furthering its
own interests [3].

The game theoretic Shapley Value represents a fair dis-
tribution of payoffs. It consistently produces a unique allo-
cation that virtually all researchers consider fair and equi-
table. This method distributes the total payoff of coopera-
tion based upon the assumption that the payoff of a partic-
ipant in a coalition is determined by the incremental pay-
off that the participant generates by joining the coalition.

Since the order that participants join a coalition affects the
incremental payoff produced, the Shapley Value considers
all orderings equally likely and weights all equally. This
generates an allocation solution that impartial observers
would consider fair and desirable [13]. In this section, we
first define the worth of a coalition and then compute the
Shapley Value.

We define the worth of a coalition v(S), S C N as the
sum of its members’ utility assuming they have the privi-
lege to be allocated more resource in an efficient resource
allocation. The privilege will allow them to increase their
resource allocation by increasing their w;. Let’s look at
the efficient resource allocation as described in (9); the
larger the w;, the more resource will be allocated to class
1. When there is a set of classes N = {1,2,...,n} with
w = {wi,wy,...,w,} and w; > wy > ... > wy, a
coalition S C N means that its members will be given
the | S| highest w, that is, {w1,wy, ..., wg|}, by its orig-
inal order (|S| is the lenght of the set S). At the same
time, members in N\ S will have the |N| — |.S| lowest w
{w|s|41, .-, wn} by its original order. Therefore, we es-
tablish a new w’ = (w, ..., w!,) when there is a coalition
S.

As an example, we assume that there are four different
classes of consumers N = {1,2,3,4} with w = {w;
5,we = 4, w3 = 2,wy = 1}. When we consider a coali-
tion S = {2, 3}, its members class 2 and class 3 will have
the two highest w (|S| = 2), that is {5, 4}. By its original
impatience order, wy > w3, we then have w) = 5, w§ =
4. Meanwhile, members in the set N\S = {1,4} will
have the two lowest w (|N| — |S| = 4 — 2 = 2), that s,
{1,2} and by their original impatience order, w; > wy,
we thus have w] = 2, w)j = 1. Thus, we have established
anew w = {w] = 2,wh = 5,ws = 4,wy) = 1} when
there is a coalition S = {2, 3}.

After establishing the new w’ when there is a coalition
S, each class will be allocated resource in an efficient re-
source allocation manner based on their new impatience
w’, and the worth of this coalition S is defined as the sum
of its members’ utility as follows:

v(S) = Z w;logc,

€S

(10)

where ¢ = (c}, ..., c,) is the efficient resource allocation
based on their new w’.

The marginal contribution of a class ¢ € N to a coali-
tion S'inv, i ¢ S is:

v(SU{i}) —v(S) = Z wilogc] — Zwilogc'i
ieSu{i} i€s

where ¢’ = (cf, ..., c!!) is the efficient resource allocation

when there is a coalition SU{:}, while & = (c], ..., ¢},) is

the efficient resource allocation when there is a coalition
S.

The Shapley Value is defined as a weighted sum of the
marginal contribution to all possible coalitions [14]. Let us
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recall the definition of the Shapley Value. For all 7 € N,
the payoff (utility share) to class ¢ is given by:
> [SEINT = 15[ = 1)!

‘/i f—
s | Nl
SCN\{i}

[(SU{i}) — v(9)]

(1D

As shown before, the term v(SU{i}) —v(.S) calculates
the incremental contribution that class ¢ makes to coalition
S. This incremental contribution occurs for exactly those
orderings in which player ¢ is preceded by |.S| other play-
ers in SU{i} and followed by | N| — |S| — 1 players not in
|S]. This means there are exactly |S|!(|N|—|S|—1)! order-
ing of interest. | N|! determines the coalition permutations
that can be created from the players. Taking together, the
expression W
signs equal share of the marginal contribution generated
to each coalition of interest.

The contribution of the player ¢ is thus weighed and
summed for all coalitions where ¢ appears in .S. The Shap-
ley Value is that each player ¢ is allocated a value equal
to its expected incremental contribution across all possi-
ble coalitions which is a fair and desirable for each class.
We have thus developed the desirable utility share for each
class by using the corresponding Shapley Value.

is a weighting factor that as-

4 Pricing scheme

Given an efficient resource allocation ¢ and a transfer
t, the utility share ¢; for class 4 is equal to u;(¢) + ¢; as
shown in (3) in Section 2. And in Section 3, we calculated
the utility share for each class in another way — by mod-
eling this problem as a cooperative game and using the
corresponding Shapley Value as the utility share for each
class. This means ¢; = SV; and we can then rewrite (3)
as follows:
SVi = u;(é) + t; (12)

Now we can calculate the monetary transfer ¢; for each
class i from (12) as SV; —u;(¢). Equation (12) also shows
that when the utility share SV; of class ¢ is larger than
its actual utility u;(¢), class i packets will receive com-
pensations SV; — u;(¢) from others because it has been
allocated less resource than it should in a fairness man-
ner. On the other hand, if the utility share SV; of class 4
is smaller than its actual utility u;(¢), class 7 packets will
compensate others SV; — u;(¢é) for it has been allocated
more resource than it should be in a fairness way.

Let’s now consider » -, ¢;. From (12) we have,

i=1 =1 i=1

From the Shapley Value’s efficiency property, we
know I | SV; = maximum u(N). We already stated
that ¢ is an efficient resource allocation and it means that
i ui(¢) = maximum w(N). From those two equa-
tions, we observe that >_" | t; = 0.

We can now state that the allocation (¢, ¢) is efficient
when ¢ is an efficient resource allocation and ¢; is calcu-
lated using (12).

After getting the transfer ¢; for each class based on
(12), we are able to define the price difference Ap;; be-
tween class ¢ and j as follows:

t; t;
Apij =+ — = (13)
Cj C;
Let’s now take (12) into (13), and get:
SVi—u; SV, —uy
Apiyy =221 . (14)

Cj C;

where ¢ = (c1,...,¢y,) is an efficient resource allocation
and SV; is the Shapley Value corresponding to the coop-
erative game.

We have thus developed the price differentials among
classes based on the inter-class compensations. This will
provide an important input for producers to set up subsidy-
free prices for each class of consumers.

5 Anillustrative example

This section presents a numerical example to calculate
the price differentials between classes based on the model
proposed in this paper.

We assume that there are three classes of consumers in
the market: residential consumers, commercial consumers
and industrial consumers. A class ¢ of consumers has its
w;(i = 1,2,3) as its willingness to pay for the service.
We assume that w; > wy > ws. Using (1) and (9), the
actual utility for each class is:

u; = w,;loggvilc,i =1,2,3
i=1 Wi

Using (11), the utility share for each class is as fol-
lows,
SV, = % + 1){1,2}6—1;{2} + U{1,3}6—v{3}
+v{1,2,3}3—v{2,3}
_ v{2} v{2,3}—v{3} v{1,2}—v{1}
SVe = =5+ +, 6 + 6
_'_0{1,2,3}3—1){1,3}

v{3 v{1,3}—v{l v{2,3}—v{2
SVgZ%%»{ }6{}+{ }6{}
v{1,2,3}—v{1,2}
T

As described in Section 3, v(.S) is the sum of its mem-
bers’ disutility in an efficient resource allocation assuming
that its members have the |.S| largest w. Therefore, from
(9) and (10), we get:

wicC
v{1} = wilog———
Z?:l wy
v{2} = walog—3 1
i=1 Wi
v{3} = wslog—3 L€
=1 "t
v{l,2} = wilog—5 + walog—3 2¢
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Figure 3: Profiles w;, SV;, t;, Ap1s, Apas, (i = 1,2,3)

against changing c (total supply in the market). (a) Ac-
tual utility w;, (i = 1,2,3) for each class against c. (b)
Utility share (Shapley Value) SV;, (i = 1,2,3) for each
class against c¢. (c) Transfer ¢;, (¢ = 1,2) for each class
against c. (d) Price difference between the two classes
Ap13, Apog against c.
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v{l1,3} = wllog% + wslog—3 2
i=1 Wi Die1 Wi
wic c
v{2,3} = wglog371 + wslog—3 2
D1 Wi 2 e Wi
wic e wsc
v{1,2,3} = IU1109371+IU2109372+U)3109373
D i1 Wi > i1 Wi

As defined in (12), we can now calculate the transfer
for each class as follows,

W< w wic
tlevl—ulz(—TZ—?f‘)log 31 -
Zi:l Wi
w2 w3 Wa w3 w3 C
+(*5 5 )logX:3 ” + log=s i
i=1 i=1
We W: wic
tr = SVa — uz = (5 — % )log=#=
i=1 "
w w, WwaC w, w3z C
(=% - ?3)109232 o T Tslongag o
i=1 " i=1 "
ts = S‘/?, — Uz = “’?ﬂog 1;1va
i=1 "
wacC _ 2ws wsc

+%tlog log

Yow 3TN w
Using the definition in (9) (13), the price differentials
between classes,

A ts ts t
P13 = ——— = wscC - wic
3 3 - 3 -
Zi:l We 21:1 Ws
A t3 1o i3 13
P23 = g - a = wacC wacC

Z?:l Wi Zle Wi

For a numerical example, we assume that the willing-
ness to pay of each class is: wy = 1.5, wy = 1.2, w3 = 1.
Fig. 3 depicts u;, SV;, t;, Ap13, Apes, i = 1,2, 3 profiles
against supply in the market (c). In Fig. 3(a), the actual
utility for each class increases when there is more power
supply in the market. Since residential consumers have
higher willingness to pay and have been allocated more
resource, they have higher utility than commercial con-
sumers and industrial consumers. Fig. 3(b) shows the util-
ity share (Shapley Value) for each class against c. Com-
pare Fig. 3(a) and Fig. 3(b), we find that residential con-
sumers have higher actual utility than its utility share and
industrial consumers have lower actual utility than its util-
ity share. Fig. 3(c) describes the transfer for each class,
specifically, the amount residence consumers should com-
pensate commercial consumers and industrial consumers.
In this example, residential consumers will compensate
others 0.2319. Commercial consumers and industrial con-
sumers will receive compensation 0.0359 and 0.1959 re-
spectably and the amount for each class of consumers is
independent of the supply in the market. As shown in
Section 4, the total transfer is equal to 0,1 + 2 +t3 = 0.
Fig. 3(d) shows that the price differentials Ap;3, Apog de-
crease as the supply in the market increases. We also find
that when the market is mature (there is relatively more
supply in the market), the price differentials tend to be a
constant value.

6 Conclusion

In this paper, we have investigated the price differen-
tials among different classes of consumers based on the
inter-class compensation. In the model proposed in this
paper, each class of consumers has a different willing-
ness to pay of the service. We have developed an effi-
cient resource allocation for each class of consumers and

> _i—1 Withen computed monetary transfer for each class based on

the utility share of each class which is the correspond-
ing Shapley Value in the cooperative game. The pricing
scheme proposed in this paper shows that the price dif-
ferentials among different classes of consumers decrease
when there is more supply in the market.
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