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Abstract — This paper explains how to convert a distri-
buted-parameter model of an unsymmetrical transmission
line for specific boundary conditions into a system of Ordi-
nary Differential Equations (ODEs). This approach can be
used to study switching transients on transmission lines or
to develop new algorithms for line parameter identifica-
tion. The main technique in the process of model conver-
sion is spatial discterization achieved by using the Cheby-
shev pseudo-spectral method. The key quality of this ap-
proach lies in the application of the Lagrange polynomial
interpolation with barycentric weights to represent change
of a variable in space and to formulate operators for spatial
derivatives. Approximation accuracy for a specific spatial
grid resolution can be determined by evaluating coeffi-
cients of the Chebyshev polynomial expansion. These are
computed from the Lagrange interpolation using Discrete
Cosine Transform (DCT). The numerical example is pre-
sented to demonstrate application of the method in simulat-
ing distributed-parameter unsymmetrical lines during
switching events.

Keywords: transmission line model, pseudo-spectral
discretization, interpolation

1 INTRODUCTION

The method for parameter identification of unsymme-
trical transmission lines, based on fault records, has
been presented recently [1]. The method requires syn-
chronously sampled fault data at both line terminals and
it relies on the lumped parameter line model which is
general enough to represent unsymmetrical lines. This
approach has been further improved by using the ad-
vanced Prony method [2] for modeling and filtering of
recorded voltage and current signals, preceding the
parameter identification stage [3]. In this paper we pro-
pose a novel distributed parameter model, based on the
Chebyshev pseudo-spectral discretization in space [4],
to represent unsymmetrical transmission lines. It is ex-
pected that such model will further improve the parame-
ter identification method.

In general transmission line model consists of fre-
quency-dependent parameters [5] (e.g. to model change
of resistance due to skin effect), and in some cases time-
dependent parameters [6] (e.g. line capacitance variation
can be due to corona which depends on instantaneous
voltage value). Also spatial variation in parameter val-
ues is possible, e.g. due to uneven line height. In order
to describe events that are exciting high frequencies on
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complex line structures these detailed models are neces-
sary. The novel computational method proposed in this
paper assumes frequency independent and spatially
uniform parameters. Unsymmetrical transmission line is
modeled using constant distributed parameters [7], i.e.
using a system of Partial Differential Equations (PDEs)
with constant coefficients. Application of the Chebyshev
pseudo-spectral discretization to more detailed models
will be discussed in the future paper.

The remainder of this paper is organized as follows:
the Chebyshev pseudo-spectral discretization in space of
the unsymmetrical transmission line PDEs is presented
in Section 2; then in Section 3 we explain, using an
example, how to include boundary conditions, and how
to formulate and solve the resulting system of Ordinary
Differential Equations (ODEs); and in the final sub-
section of Section 3 we present simulation results and
discuss some numerical properties of the method.

2 SPACE DISCRETIZATION OF
TRANSMISSION LINE MODEL

The system of Partial Differential Equations (PDEs)
representing unsymmetrical transmission line with con-
stant parameters is:

d 0
A—y(x,t)=By(x,t)+—y(x,1), @))
ot ox

where

yen=van! i@, yene RN,

g

v(x,t), i(x,t) are vectors containing voltages and

and

currents respectively in each phase at time ¢ and position
x along the line. The matrices L, C, R and G contain
unsymmetrical per-unit-length line parameters.

2.1 Chebyshev interpolation

The transmission line model (1) is converted into a
system of ODEs through the method of space discretiza-
tion. First, the space variable x is projected from the
physical domain [0, /], where [ is a line length, to the
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computational domain [-1,1] via the following mapping:
(2/1)x—1— x. Second, all of the variables in the model

1), yr(xt), k=1,2,...,Ny (included in the vector
y(x,t)) are approximated using the Lagrange polynomi-
al interpolation [8]:

w0 =10 v (0 (), )
. N
where ¢ ;(x) = € z r 3)
~Xj/ p=o X~ Xp

is the barycentric representation of the Lagrange poly-
nomial corresponding to the node x; with the weights

J
defined as
oo (<1772 for j=0or j=N,
J Y otherwise.

The interpolant (2), i.e. lookup table: (xj.yk (xj ,1)), 1s
defined on the grid of N+1 points

xj:—cos(jir/N), j=0,1,...,N,

which are the extreme points of the Chebyshev poly-
nomial in the interval [-1, 1] and including the boundary
points [8]. These points are unevenly spaced with higher
density on the edges of the interval. They can be visua-
lized in Fig. 1 as the projections on the [-1, 1] interval (x
- axis) of equispaced points on the upper half of the unit
circle (0 - axis). In addition, Fig. 1 shows how cosine
waves in the 6 — plane correspond to the Chebyshev
polynomials on a non-uniform grid in the xy — plane.
Hence, the Discrete Cosine Transform (DCT) can be
used to convert the interpolants (2) into the following
approximation based on a linear combination of Cheby-
shev polynomials [9]:

N .
@0 =31 a ;1) cos(j6) | )
in the 6 — plane, which is in the xy — plane,

D=3 a;0T; )
where
To() =1, Ti()=x. Tjy1(x) = 26T} (1) =Tj-1(x).
and a;(r) are time-varying coefficients of the expan-

sion.

2.2 Differentiation matrix
Approximations of the spatial derivatives of the va-
riables y(x,t) are required to perform spatial discretiza-

tion of the system of PDEs (1) representing line model.
These approximations are global and derived by diffe-
rentiating the interpolation formula (2) with respect to x:

Vi =20 )i i,

i=01L....N, k=1,2,...,Ny (6)
where

(DN)ij =(2/l)¢}-(xl-)=(2/l)—l., and
J

Dp)jj

Cj/C
Xi—X

Dy) jj :(2/l)¢j(xj):_zi¢j
are entries into the spectral differentiation matrix Dy .
The factor (2/1) is due to the projection from the phys-

ical domain [0, /] to the interval [—1, 1], discussed be-
fore.

—t—
t—l-'*‘"r‘

H
-1

Figure 1: Projection of cosine in function of § (equispaced
points) to Chebyshev polynomial in function of x (points
clustered towards the ends of the interval).

2.3 Space Discretization

Finally, we use approximations of the spatial deriva-
tives (6) in the matrix form,

Vi X0 =Dy (x,1), k=1,2,...,Ny, @)

where
Ve %) = [yg (x051) v (x1,1) v G0l

to convert (1) into a system of N y (N +1) linear diffe-

rential equations:

(A@INH)%yN(rF(B ® Ly, )y n (1)
+ (INy ®Dy)y N @),

(®)

where

ynO =’ o’ gy w1

® is the Kronecker product, and Iy4q and I N, are
identity matrices with sizes (N+1)X(N+1) and
Ny x Ny respectively. The model (8) can be written in

the form
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4y N =Fyy ),

dt

where

F=(A®Iy,))

FeR

and it can be solved using a standard ODE solver for

specified initial and boundary conditions.

C))

“BOLy ) +dy, @Dy,
Ny (N+1)X Ny (N+1)

3 APPLICATION EXAMPLE AND

3.1 The transmission line example

Three-phase 50Hz,

DISCUSSION

300km long unsymmetrical

parameters of the line using the SIMULINK SimPower-
Systems™ function Compute RLC Line Parameters
[10]. The matrix G is a zero matrix and the computed
RLC parameters are:

58.221 47.104 47.063

transmission line, with the towers constructed according
to Fig. 2, and parameters in Table 1, has been selected
to demonstrate application of the Chebyshev pseudo-
spectral discretization in simulation of electromagnetic

transients.

—

d

Yy

h

bundle of

J

subconductors

PE
Figure 2: Three-phase transmission line tower (parameters in
Table 1)
Quantity Symbol | Value
height [m] h 20.7
bundle distance [m] d 12.8
bundle diameter [cm] Dp 64.66
conductor diameter [cm] D¢ 3.56
ratio of hollow cylinder T/Dc 0.375
conductor DC resist. [Q/km ] | R¢ 0.043
ground resistivity [ Qm ] PE 100

Table 1: Three-phase transmission line parameters

R=|47.104 58224 47.104| m/km,
47.063 47.104 58.221
[1.6876 0.8652 0.7267
L=|0.8652 1.6876 0.8652| mH/km ,and
_0.7267 0.8652 1.6876
[ 11.305 —2.446 -0.8203
C=| —-2446 11775 -2.446 nk/km.
= 0.8203 —-2.446 11.305
ralt ia(Xo,t) ia(xn,t)
— 3-Phase
M b(x,t) 300km ib(x.t)
unsymmetrical [ "3
ic(ot) line L(XM‘)
rc(t)
va(Xo,t) va(x,t)

Vb(Xo,t) vb(x,t)
@ ea @ eb@ ec ve(Xo,t) ve(xn,t)

ea(t) =|sin wt
eb(t) =|sin(wt - 120deg)
ec(t) =|sin(wt + 120deg)

Figure 3: Circuit diagram of the simulation example [6]

To demonstrate the performance of the proposed me-
thod, we are using the example shown in Fig. 3 which
was studied before by Talukdar [6]. Boundary condi-
tions in this example are derived using circuits con-
nected to the sending and receiving ends of the line. The
receiving-end of the line is open and the corresponding
boundary conditions are defined using three injection
currents, in each phase, equal to zero:

ia(xy, 1) =ib(xy, 1) =ic(xy,) =0, (10)

where x, =1 is the last Chebyshev point in the compu-

tational domain [-1,1] corresponding to the receiving-
end of the line.

The sending line end is connected to the system
represented with a Thevenin’s equivalent. The voltage
source of this equivalent (ea(r), eb(t),ec(t)) is three-

phase sinusoidal, single-frequency (50Hz), balanced
source with the amplitude in each phase equal to 1pu.
Impedance of the equivalent is resistive and it is chang-
ing in time to simulate events in the system which will
initiate transients on the line. The boundary conditions
at the sending-end (i.e. at x, =-1; the first Chebyshev

point in the computational domain [-1,1]) are [6]:

Assuming that the tower geometry in Fig.2 and cor-
responding parameters in Table 1 are not changing
along the full line length, we calculated the electrical

a-phase boundary condition:
va(xg,t) =ea(t) - r, (1) Xia(xy,1),

ra(t) # o0,

Y
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b-phase boundary condition:

{ib(xo,t) =0, if 15, (t) = oo, a2

vb(xg,t) =eb(t) - r, (1) X ib(xq,1), if 1, (t) # oo,

and

c-phase boundary condition

{ic(xo,t) =0, if 7.(t) = oo, a3)
ve(xg,t) =ec(t) - r. (1) xic(xg,t), if r.(t) # oo,

where

(va(xq,1), vb(xp, 1), ve(xg,t)) and
(ia(xq,1),1b(xp, 1), ic(xq,1))

are three-phase voltages and currents respectively at the
sending-end; and the time-varying resistances are [6]:

© 415Q, if 0<t<10ms, (14)
T, =
@ 15Q, if £ >10ms,
oo, if 0<t<4ms,
() =71.(t) =415Q, if 4ms <t <14ms, (15)
15Q, if t >14ms.

3.2 The line model with included boundary conditions

Certain differential equations in the system (9) related
to the boundary conditions, as defined in the example in
Section 3.1, should be removed. Which equations are
removed depends on the switching events:

Oms — phase a connected to the voltage source,

4ms — phases b and ¢ connected to the voltage source,
10ms — phase a source resistance reduced to 15Q, and
14ms - phases b and c resistances reduced to 15Q.

The boundary abc voltages, according to the equations
(11) - (13), are functions of currents and source voltages
as well as switching events (e.g. time-varying resis-
tances). There are 6 boundary conditions which are
changing in time. The following variables represent
boundary conditions:

- 0<r<4ms - the sending-end voltage in phase a and
five currents (phases b & c at sending-end and all re-
ceiving-end currents);

- t>4ms -> three voltages at sending-end and three
currents at receiving-end.

To remove differential equations representing boundary
conditions we remove 6 rows in the matrix F of the
system (9) having indices in the time-varying vector b:

- 0<t<dms >
b=[1 4N+5 5N+64(N+1) 5(N+1) 6(N+1)],

va(xq,t),ib(xg,t),ic(xq.t)

ia(xpy ,1),ib(xp 1), ic(xp .t)

sending-end receiving-end

- t>4ms >
b=[ 1 N+2 2N+3 4N+4 5N+5 O6N+6].

va(xq,1), vb(xq,1), ve(xg ) ia(xp,1),ib(xp,1),ic(xp»1)
sending-end

receiving-end

The resulting matrix is split in two parts:

Fa (squared matrix); contains all columns except those
with indices in b, and

Fb; contains remaining columns having indices in b.

The resulting system of 6/N differential equations is:

4y )=F, Ty +F, fFy @O0, (16)

dt
where

Yy (t) are all non-boundary variables in the vector

yn(t), and

f(yuy (@),u(),t) are boundary functions (e.g. (11)-

(13)) representing boundary circuits.

In the functions f(yy (t),u(t),t) inputs u(¢) are vol-
tage sources (ea(?),eb(r),ec(r)). Since the boundary

functions in our example are linear and time-varying, it
is possible to split f(y 5 (¢),u(?),t) in the part which is

in function of yp(#) and the part in function of u(z).
Using this form of f(y y (¢),u(t),t) we can rewrite (16)

as the time-varying system of linear differential equa-
tions:

4 O =H, () Ty (1) + Hy (Du(r).

7 a7

where the matrices H,(f) and Hj,(¢#) are changing in

time due to switching events.

The system of ODEs (17) is solved using Adams-
Bashforth-Moulton PECE solver [11] implemented in
MATLAB as odel13 function [10] with the tolerances
RelTol=AbsTol=1e-6. The initial conditions for this
example are: y(0)=0.

3.3 Results and discussion

First 20ms of three-phase voltage and current wave-
forms at sending-end of the transmissions line after
switching-in phase a are shown in Figures 4 and 5. Dur-
ing this period 4 switching events, including switching-
in phase a, occurred which gave rise to transients in time
and spatial wave propagation. These simulated wave-
forms are obtained by solving the system of differential
equations (17) obtained through spatial discretization
having N+1 =201 Chebyshev points. The total number
of equations in this system after including the boundary
conditions (specified in sections 3.1 and 3.2) is 6N
=1200. Figure 6 shows phase b voltage wave propaga-
tion after switching events at 4ms, 10ms and 14ms.
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0.5

voltage at sending-end [pu]

-1

resistor in phase a
reduc;ed to 15 phm

resistols in phases b & ¢
redqced to 18 ohm

[ i [ I [
| | | | |

| | | | |

| | | | |

I I I I I

15 | | | | | | | | |

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02

t [s]

Figure 4: Three-phase sending-end voltages during switching events simulated with spectral discretization having N+1 =201 points
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current at sending-end [pu]
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| |
phasesb & ¢ resistor in phase a !
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| | | | | | reduced to 150hm |
_ 1 1 1 1 1 1 1 1 1
3O 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02
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Figure 5: Three-phase sending-end currents during switching events simulated with spectral discretization having N+1 =201 points
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N
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Figure 6: Voltage wave propagation in phase b during switching events simulated with spectral discretization (N+1 =201 points)
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vb(300kmyt) [pu]

_ ! ! ! ! | ! | ! |
1'50 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02
t [s]

Figure 7: Comparison of receiving-end voltage waveforms in phase b, simulated during switching events using coarse (N = 20)
and refined (N = 200) spectral discretizations

0.95

0.9

0.85

vb(x,0.0123s) [pu]
o
00

0.75

0.7
|

L L L L
0 50 100 150 200 250 300
x [km]

Figure 8: Comparison of spatial variations of the voltage in phase b at time 7 = 0.0123s, simulated using coarse (N = 20) and re-
fined (N = 200) spectral discretizations

absolute values of Chebyshev coefficients

Figure 9: Coefficients (a j (1), j=0.1,...,N, N =200) of the Chebyshev expansion (5) modeling spatial variation of the voltage in

phase b at time ¢ = 0.0123s (see Fig. 8)
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In order to illustrate the effect of spatial grid density
on the transmission line simulation result, the solution of
the PDEs (1) with coarse spectral discretization (N = 20)
has been performed. In this computation, the number of
ODEs in the system (17) is reduced to 6N =120. As can
be seen in Figures 7 and 8, with the lower number of
spatial discretization points, additional oscillations due
to numerical errors are present in time and some details
in spatial waveforms are lost.

The spatial accuracy at time ¢ can be checked by re-
cognizing that the sub-vectors of the solution vector
yn (t), representing spatial waveforms of each voltage

or current (in total 6 sub-vectors), are interpolants de-
fined on N+1 Chebyshev points. These interpolants can
be converted into the Chebyshev expansion (5) using the
DCT transformation. Fig. 9 shows coefficients of the
Chebyshev expansion of the voltage spatial variation in
Fig. 8. Slow decrease in the coefficient values as the
index increases points to slow convergence of the Che-
byshev expansion. Further refinement of the Chebyshev
grid would bring only minor improvement in accuracy.
The reason for slow convergence is a number of abrupt
changes in the spatial voltage variation (see Fig. 8)
which are associated with the travelling waves. The
Chebyshev points are distributed denser on the edges of
the interval [0,300km] than in the middle, and therefore
there is always proportionally smaller number of points
to represent the abrupt changes in the middle.

4 CONCLUSIONS

A computational method based on the Chebyshev
pseudo-spectral discretization is proposed to solve the
system of PDEs with constant coefficients that are mod-
eling unsymmetrical transmission lines. The discretiza-
tion procedure converts the distributed-parameter PDE
model with specified boundary conditions into a system
of ODEs. The method approximates spatial-variations of
the variables by finite Lagrange polynomial interpola-
tion at Chebyshev points. The interpolants are con-
structed using numerically stable and computationally
effective barycentric interpolation formula. Approxima-
tion of spatial derivative is directly available through
interpolant derivative. Solution accuracy for specific
spatial grid resolution is estimated by converting spatial
Chebyshev interpolants into the Chebyshev polynomial
expansion (using the DCT algorithm) and evaluating
values of the expansion coefficients. To demonstrate the
numerical behavior and accuracy of the proposed me-
thod, the results of simulation of the unsymmetrical line
during switching events are presented. Combined with
the ODE solver, the Chebyshev pseudo-spectral discre-
tization method achieves acceptable level of accuracy
with the modest number of grid points. The method
proposed in this paper can be used in simulation of
switching transients on the unsymmetrical transmission
lines as well as for line parameter identification using
synchronized event records.
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