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Abstract - Due the economic and technique importance
of power systems operation, it is necessary to formulate
static and dynamic constraints in the optimal FACTS allo-
cation problem. This paper proposes an integrated frame-
work for allocating optimal series compensation considering
both static and dynamic stability constraints. The proposed
method consists of two sequential and interactive stages: (i)
allocation procedure, in order to assess the optimal series
compensation allocation in the network and (ii) feedback
control input signals selection for the series compensation
degree, to maintain the small signal stability margin in an
acceptable range. For these tasks it is used an optimal series
compensation stage formulated as a mixed integer nonlinear
programming problem for large dimensions, and a small sig-
nal stability assessment in the sense of subsynchronous reso-
nance (SSR) employing a new index based on the geometric
mean of the absolute values of dominant eigenvalues of the
Jacobean matrix and the number of eigenvalues with positive
real part. Simulations and analysis using a 6-bus test system
are carried out, which verifies the quality of the implemented
approach, rendering the proposed methodology as effective.

Keywords - FACTS devices, series compensation,
power system stability, optimal power flow, interior point
method, investment cost.

1 INTRODUCTION

DE regulated markets for electric for electric energy
associated whit social and economic constraints cre-

ated an environment whit more restrict stability and secu-
rity margin [1], affecting both generations and transmis-
sion operation and planning scenarios. For instance, due
to environment constraints, transmission lines are more
difficult to be built nowadays, thus resulting in a need for
transmission system operation with the highest possible
levels of efficiency [2]. Hence, there is an interest in better
utilization of available capacities by installing Flexible AC
Transmission Systems (FACTS) devices such as thyristor-
controlled series compensators, thyristor-controlled phase
angle regulators and unified power flow controllers. These
devices, by controlling the power flows in the network,
can help to reduce the flows in heavily loaded lines, resul-
ting in an increased loadability, low system loss, improved
stability of the network, reduced cost of production and
fulfilled contractual requirement. The possibility of con-

trolling power flow in an electric power system without
generation rescheduling or topological changes can im-
prove the performance considerably [9]. In this context,
it is important to ascertain the optimal location for place-
ment of these devices because of their considerable costs
and their impact on the static and dynamic power system
performances.

Many works in optimal allocation of FACTS devices
have been presented using optimization with different ob-
jective functions, algorithms and models. The objec-
tive functions studied and presented in the literature are
: overall operation cost minimization[3], [4], [5] sys-
tem loadability maximization, [7], [6] [8], congestion
management[9], optimal reactive power dispatch [10], and
others. Since FACTS devices improve static and dynamic
power system security many works also focus exclusively
on this problem. In, [11], [12], and [13] FACTS allo-
cation was allocated to improved the static power sys-
tem security. Applications of these devices for improving
the dynamic performance and security of the system are
also well documented in [15], [16], [17], and [18]. In
addition of the voltage collapse problems are discussed
in [19]. Although the optimal FACTS allocation may
slightly influence the dynamic stability of the power sys-
tem, it may still compromise the system security. Most
of the mentioned works do not consider both static and
dynamic problem in an integrated form. Thus, it is impor-
tant to develop an optimal power flow considering FACTS
and small signal stability of power systems as constraints
all together. Few researches have been reported concern-
ing this problem, which provides more realistic solutions.
However, more recently, in [18] it was reported an interes-
ting work which includes the voltage-stability constraint
during the VAR planning using FACTS.

Besides, series capacitive compensation in electrical
power systems is generally recognized as a very economi-
cal and powerful means for increasing long-distance trans-
mission lines capability. However, when a series capacitor
is connected to the transmission system, subsynchronous
resonance (SSR) may arise, mainly if there are thermal
generating units connected to the system. This is related
to the many masses of the turbine-generator shafts, which
oscillate in frequencies mostly below the synchronous one
[20]. Hence, an analysis considering this phenomenon be-
comes crucial when series compensation planning is per-
formed using FACTS devices.
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The above discussion shows clearly the importance to
formulate the static and dynamic constrains of power sys-
tems operation for optimization of economically and tech-
nically (security) allocation of FACTS in the network.

This paper presents an integrated framework for choo-
sing the optimal series compensation degree and location,
considering small signal stability analysis as a constraint
during the optimization process. The optimal allocation is
performed using the interior point method and the small
signal stability is assessed using a new index based on
the geometric mean of the absolute values of dominant
eigenvalues of the Jacobian matrix and the number of ei-
genvalues with positive real part. Simulations using a 6-
bus test system are carried out, which verifies the validity
and feasibility of the implemented approach, rendering the
proposed methodology as effective

2 MATHEMATICAL MODEL

In this paper, the main interest relies on optimizing the
transmission capacity given an available operating point
originated, for instance, from an optimal economic dis-
patch [3]. Then the transmission system capability is in-
creased by re-distributing the power flows through opti-
mal series compensation in the network considering, in
addition, their impact on dynamic stability of power sys-
tem. This objective function would be a special case of
transmission system planning, where the system loadabi-
lity would be improved only by optimal series compensa-
tion allocation. As with all preliminary studies of trans-
mission system planning the objective function is more
related to active power flows, the optimization problem al-
gorithm considers a dc power flow model as tradeoff bet-
ween accuracy and tractability.

2.1 Series Capacitor Model

The following series capacitor representation is suit-
able to perform the steady-state analysis with dc load flow
model. Fig. (1) shows a branch, representing a transmis-
sion linei , with susceptanceγi in series with an suscep-
tance∆γi due the capacitive compensation.

Besides,γi = 1/Xi, whereγi andXi is susceptance
and reactance of transmission linei, respectively.

Figure 1: Model of series compensator in transmission linei connecting
busesk andm

The dc active power flowPkm through the transmis-
sioni is a function of total susceptance (γi +∆γi) and the
phase angle between busesk andm:

Pkm = (γi + ∆γi)(θk − θm) (1)

Considering then the series compensation in this transmis-
sion line, the new total transmission line reactanceXnew

i

is:

Xnew
i =

1
1/Xi + ∆γi

(2)

Thus, the the value of series capacitive compensation in
terms of capacitance is as follows:

∆Xi = Xnew
i −Xi (3)

To avoid the over compensation, the operating range of the
series compensator may be defined as done in [4]:

0 ≤ ∆γi ≤ ∆γmax
i (4)

where,

∆γmax
i = min(

1
0.3Xi

; ∆γstbmax
i ) (5)

And ∆γstbmax
i is due to the small signal stability con-

straint. In this case, the value1
0.3Xi

is adopted because
levels of passive series compensation higher than 70%
can produce intense long-lasting oscillations in the sys-
tem. Regarding FACTS, higher series compensation de-
grees can be achieved, as long as an adequate control sys-
tem is implemented [4].

2.2 Objective Function

The objective function in this paper is to minimize the
overall cost (US$/year)[3] of installing the series compen-
sation:

CTsc =
L∑

i=1

Csci(∆γi) (6)

Where:L is total number of installed series compensators,

Csci = (V CFi + ICi/∆γi) ∀ ∆γi 6= 0 (7)

Csci = V CFi ∀ ∆γi = 0 (8)

Furthermore, the series compensation cost in linei is given
by [3]:

V CFi = c
(f̄ ti)2

BP

1
γ0

i (γ0
i + ∆γ0

i )
(9)

Where, c is a positive constant that represents the se-
ries compensator cost. In this paper it is assumed 26.3
US$/MVar. year;f̄ ti is the thermal limit of linei, BP is
the base power (100 MVA);γ0

i is the susceptance of trans-
mission linei without the series compensation. Last but
not leastICi is the installation cost of a series compensa-
tion at linei [3].

2.3 Small Stability Analysis

When a series capacitor is installed, for example in a
hydro thermal power system, an electromechanical analy-
sis which considers the SSR becomes necessary because
of possible harmful interactions between the capacitors
and mechanical systems (turbine-generator shafts) that
may come up. Hence, the analysis of the problem related
to SSR requires a system approach which considers, at
least, lumped parameters modeling for transmission net-
work, the electromechanical dynamics of generators and
the interaction between them provided by the transformer
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effect in the generators. This way, the system order in-
creases, making the analysis very complex [20].

At first, each generator is modeled by a flux model as
presented in [20]. A general expression which models a
synchronous machine is outlined in the equations (10) and
(11). The electrical network state equations can be com-
puted from the graph theory, as described in [21], which
assume the form presented in (12), when referred to adq-
frame which rotates at the synchronous frequency.

Finally, the mechanical system featured by the tur-
bine shafts coupled to the generators and their innumer-
ous pressure stages must be modeled, so all the signif-
icant oscillation modes are represented. For this task a
lumped spring-mass model is used, as shown in Fig 2. It
assumes the shaft may be divided into finite inertia seg-
ments(H) connected by springs(K) and damping dash-
pots(D), which represent the elastic and the mechanical
hysteresis properties of the shaft, respectively. The dam-
ping dashpot, which is represented from each turbine mass
to the fixed reference frame, is due to the viscous fric-
tion between the turbine blades and the work fluid (steam
damping). The state equations of the turbine shaft may be
obtained from the Newton’s law for rotational bodies [22],
which can be sketched by a equation similar to (14).

V̇dq = −RIdq − Ψ̇ + Vω (10)

Ψdq = LdqIdq (11)

ẋdq = Adqxdq + B1dquGdq + B2dqu̇Gdq (12)

ydq = Cdqxdq + D1dquGdq + D2dqu̇Gdq (13)

xM = AMxM + BM u̇M (14)

In the equations (10) and (11)Vdq, Idq, Ψdq, V , repre-
sent voltages, currents, flux linkages and speed voltages of
the machine all referred to itsdq-frame, respectively. The
R andL are matrices that constain the machine parame-
ters, like resistance and inductance. In equation (12) the
vectorxdq is constituted by capacitor voltages and induc-
tor currents. The vectorydq represents the network output
variables, which gather all generators terminal voltages.
The vectoruGdq is formed by voltage and current sources,
all referred todq-frame of the network. The matricesAdq,
B1dq andB2dq are the state and input matrices, whileCdq,
D1dq andD2dq are the output and the feed-forward matri-
ces. All these matrices depend on the topology and nature
of the system. For further details in power systems mode-
ling concerning SSR see references [21] and [27].
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Figure 2: Spring-mass model the turbine shaft coupled to the generator.

Moreover, it is known from the dynamic systems sta-
bility theory that the behavior of a given non-linear sys-
tem, as described in (15), at a critical pointx0, is similar
to the behavior of the same system linearized, as shown in
(16), atx0.

ẋdq = f(x, µ) (15)

∆ẋdq = J(x0, µ0)∆x (16)

J(x0, µ0) is the jacobian matrix of the system atx0.
The variableµ0 represents a parameter responsible for
changes in the structure of the system under study.

If J(x0, µ0) presents only eigenvalues with negative
real part, the original non-linear system is locally stable at
x0.

When J(x0, µ0) has only one pair of purely imagi-
nary eigenvalues, and all others having non-zero real part
the Hopf bifurcation takes place. At this pointx0 will co-
rrespond to the bifurcation value of the system [23], [24].

As electromechanical stability and SSR system mo-
dels will be analyzed regarding Hopf bifurcation in this
work, transmission line series compensation established
by the optimization program will be adopted as the pa-
rameter. The index proposed in [25] to identify Hopf bi-
furcations is used in this paper. This index is given by
equation (17). A reduced set of eigenvalues is calculated
by the refactored bi-iteration [26], chosen as a function of
the oscillation modes of the shafts. This information is
obtained based on the previously known natural frequen-
cies among other shaft torsional data [27]. Consider the
set

∑
= σ1, σ2, . . . , σi, whereσi are associated with the

real parts of a reduced set of dominant eigenvalues of the
Jacobian matrix.

IND =





n

√√√√
n∏

t=1

|σi| ⇒ {σi ∈
∑

/σi > 0} = φ

− n

√√√√
n∏

t=1

|σi| ⇒ {σi ∈
∑

/σi > 0} 6= φ

(17)

If
∑

= {σi ∈
∑

/σi > 0} is a null set, all the eigen-
values ofσi present negative real parts, andIND is positi-
ve, yielding asymptotic stability of the system. Otherwise,
if

∑
= {σi ∈

∑
/σi > 0} is non-null,IND is negative,

indicating instability of the system.

3 Integrated Optimal FACTS Allocation With
Power System Stability Constraint

The mathematical formulation of the increasing the
transmission system capability through optimal series
compensation allocation considering its impacts on dy-
namic stability of power system is formulated as nonlin-
ear optimization problem of a large dimension. In order to
performing this problem in this paper are conduced in two
sequential and interactive steps, and it can be expressed as
follows:
Step 1)

Minimize : CTsc =
L∑

i=1

Csci(∆γi) (18)
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subject to
D(θ, ∆γ) = 0 (19)

|F (θ, ∆γ)| ≤ Fmax (20)

0 ≤ ∆γ ≤ ∆γmax (21)

Let the optimal series compensation found step 1 be∆γ∗

Step 2)

• Run AC power flow:f(∆γ∗, z) = 0

• From 10%∆Xi to 100%∆Xi assessIND(∆Xi, z)

• Found an∆Xmaxstb
i such asIND(∆Xi, z) ∈ sta-

ble/instable bound.

• Assess :

∆γmaxstb
i =

1
∆ Xmaxstb

i + Xi
− 1

Xi
(22)

• min(IND(∆Xi, z)) > 0, then end, else go to step
1.

Where:
D(θ, ∆γ) : the conventional dc power flow equations con-
sidering the transmission losses.
F (θ, ∆γ) : the inequality constraints for series compen-
sator and transmission power flows.
∆γ, θ : vectors that represent the variables of series com-
pensator and bus angles, respectively.
z : represent the static and dynamic operating state of the
system.
IND (∆Xi, z): a power system stability index according
to eq. (17).

Notice that, the cost component (18) related to the se-
ries compensation devices, is a nonlinear function of the
susceptance variation. Since, with the introduction of se-
ries compensation, the susceptances vary, problem (19)
also becomes a nonlinear function of the susceptance vari-
ation [3]. It makes step 1 a nonlinear programming pro-
blem of a large dimension. For solving the optimization
problem of step 1, in this paper is used linear successive
programming using interior points method. The first step
performs the optimal facts allocation considering the ob-
jective function and all the static constraints. Then, in the
second step a detailed study on small signal stability using
the operating point provides by first step is executed. In
this second step includes a detailed ac power flow model.
Then, this second step provides to the first stage a feed-
back control input signals selection for the series compen-
sation degree, in order to maintain the small signal stabili-
ty margin at an acceptable level such as treated in section
2.3.. The steps 1 and 2 is executed until the optimal series
compensation is found and the systems operating point is
stable.

4 Numerical Results

4.1 Test system

The proposed framework was implemented in Matlab
language. In order to verify the effectiveness in suitable
and more comprehensive manner a small 6-bus test system
[28] is used in this paper. Moreover, to obtain some trans-
mission lines overflowed and an instable operating point
was necessary to withdraw two transmission lines (line 1-
5 and line 2-4) from original test system. The fig. 3 shows
this modified 6 bus test system.

Figure 3: Modified 6-bus test system

4.2 Test Results

Table 1 presents results of optimal series compensa-
tion allocation with power system stability constraint for
case studied for each iteration. Fig. 4 and 5 shows the
IND values at first iteration and second iteration, respec-
tively. One can notice that simulation for the studied sys-
tem converged only in two iterations. In this modified test
system for case base operating point only the line 1-4 is
overflowed and the system is instable. It is showed at co-
lumn 3, 4, 5 and 8, at first iteration raw.

The maximal value of series compensation at lines are
according the eq. (5). Notice that in first iteration only
a series capacitor of 0.126 p.u. is allocate at branch 1-2.
However, for this value, the system turns unstable and the
computation ofIND takes place according to step 2. It
provides∆Xmaxstb

i (which is 73.8 % of∆Xi), and con-
sequently,∆γmaxstb

i . This fact is showed in the fig. 4.
The ∆γmaxstb

i is used, on the second iteration, as a
new restriction for step 1. A new allocation of 0.125 p.u.
is considered in the branch 2-5. For this condition, the sys-
tem is stable and the process is concluded. Figure 5 shows
IND for this itearation. One can also see that at the first it-
eration the total cost is lower than the second one. In other
hand, at the second iteration the framework provides a sta-
ble operation point, which is the optimal solution based on
a combined static and dynamic point of view.
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Iter. Branch Flow Case base Actual ∆γmax ∆γmaxstb IND ∆γ∗ ∆X∗ Tot. Cost

from-to Limit (MW) Flow (MW) flow (MW) p.u. p.u. p.u. p.u. x106 US$/yr

1 1 - 2 35 27.93 30.323 16.66 Inf. Instable 8.695 - 0.126 0.421703

1 1 - 4 70 72 70 16.66 - - -

1 1 - 2 35 27.93 30.323 16.66 4.319 Stable 4.319 - 0.092 0.659588

1 1 - 4 70 72 69.99 16.66 - - -

2 2 - 5 40 32.20 36.651 11.11 Inf. 2.389 - 0.125

Table 1: Results of optimal transmission line series compensation for each iteration.
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Figure 4: IND values at first iteration.
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Figure 5: IND values at second iteration.

5 Conclusions

In this paper an integrated optimal FACTS allocation,
which includes both static and dynamic constraints has
been proposed. This framework allows an interactive se-
lection of optimal series compensation taking into account
small signal stability properties. The proposed method
consists of two sequential and interactive stages: (i) allo-
cation procedure in order to assess the optimal series com-
pensation allocation in the network and (ii) selection of se-
ries compensation degree that keeps the system stable in a
small signal stability point of view. The objective function
is the increase in the transmission system capability using
a minimum number of FACTS and their investments. By
the numerical application carried out in the sequence, one
can summarize that the proposed framework is capable of
providing optimal FACTS allocations which are not only
economically but also technically feasible. Besides, the
framework itself is simple and can be easily implemented

interfacing optimal power flow and small signal stability
programs, enabling system planners to improve transmis-
sion systems loadability and to recognize risky dynamical
behavior in the system at once. Another advantage of the
present approach is its flexibility in setting how far from
its small signal stability margins the system must operate.
For instance, in the specific case previously studied, it was
just required that the system worked in a stable manner
(min(IND)> 0), what can be easily adjusted according to
a specific operation policy. In this work the considered dy-
namical issue was SSR. However, the same basic idea can
be extended to larger power systems and interarea modes
tracked along the optimization process. All these consid-
erations show the validity and feasibility of the proposed
framework.
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