
 
HOPF BIFURCATIONS IN THE IEEE SECOND BENCHMARK MODEL 

FOR SSR STUDIES 
 

Yasar Kucukefe     Adnan Kaypmaz 
ITU      ITU 

Istanbul, Turkey     Istanbul, Turkey 
yasar.kucukefe@ieee.org    kaypmaz@elk.itu.edu.tr 

 
 
Abstract – In this paper, the first system of the IEEE 

second benchmark model (SBM) for subsynchronous 
resonance (SSR) studies is analyzed using the bifurcation 
theory. A nonlinear model for the SBM which consists of a 
synchronous generator connected to an infinite busbar 
through two parallel transmission lines, one of which is 
equipped with a series capacitor, has been developed in 
MATLAB. Generator damper windings are also included 
in the model. The existence of Hopf bifurcations in the 
model is verified. The stability of limit cycles (i.e. subcriti-
cal or supercritical Hopf bifurcation) is investigated by 
computing the first Lyapunov coefficient. The impact of 
the field voltage, the mechanical torque input to the gene-
rator and the infinite-bus voltage on the first Lyapunov 
coefficient is also explored. In the model with Automatic 
Voltage Regulator (AVR) and generic Power System Stabi-
lizer (PSS), the first Lyapunov coefficient becomes nega-
tive but remains near zero indicating the existence of a 
generalized Hopf bifurcation. Time domain simulations 
verify the analytical findings. 

  
Keywords: Hopf bifurcations, subsynchronous re-

sonance (SSR), first Lyapunov coefficient, torsional 
oscillation, eigenvalues, nonlinear systems 

 

1 INTRODUCTION 
Series capacitor compensation of AC transmission 

systems is an effective way of increasing load carrying 
capacity and enhancing transient stability. However, 
capacitors in series with transmission lines can cause 
subsynchronous resonance (SSR) that can lead to tur-
bine-generator shaft failures as occurred at the Mohave 
Generating Station in Southern Nevada in the USA in 
1971 [1]. Since then, considerable effort has been de-
voted to the understanding and analysis of the SSR 
phenomenon by researchers and utility professionals. 
IEEE SSR Working Group has constructed three 
benchmark models for computer simulation of the SSR 
[2, 3]. Analytical tools for studying the SSR involve 
frequency scanning, eigenvalue technique, time domain 
simulation programs [4] and the complex torque coeffi-
cient method [5].  

A single-machine-infinite-busbar (SMIB) power sys-
tem with series capacitor compensation is inherently 
nonlinear and can be modeled by sets of ordinary diffe-
rential equations. The nonlinear model including the 
dynamics of the turbine-generator shaft system can be 
analyzed using the bifurcation theory. Zhu et al. [6] 
demonstrated the existence of Hopf bifurcation in a 
SMIB experiencing SSR.  

Hopf bifurcation is defined as the birth of a limit 
cycle from equilibrium in a dynamical system governed 
by autonomous ODEs under variation of one or more 
parameters on which the system is dependent. Supercrit-
ical Hopf bifurcations result in birth of stable limit 
cycles. On the contrary, unstable limit cycles are born in 
case of subcritical Hopf bifurcation. Floquet theory is 
widely used to study the stability of limit cycles. The 
procedure involves the calculation of steady-state solu-
tions, Hopf bifurcation points and the branches of peri-
odic orbits which emanate from the Hopf bifurcation 
points [7]. Then by tracing the evolution of the Floquet 
multipliers, one can observe the stability of these solu-
tions. One of the multipliers is always unity for an auto-
nomous system. If all the other multipliers are inside the 
unit circle in the complex plane, then the limit cycle is 
orbitally stable.  

In this paper, we employ an alternative method to in-
vestigate the stability of limit cycles. The method in-
volves the computation of the first Lyapunov coefficient 
(l1(0)). Positive / negative sign of  l1(0) corresponds to 
subcritical / supercritical Hopf bifurcation. If l1(0) va-
nishes then the generalized Hopf bifurcation occurs.  

This paper is organized as follows. Section 2 gives a 
brief review of the bifurcation theory. The SMIB power 
system under study is described and its mathematical 
model is obtained in Section 3. Hopf bifurcation analy-
sis of the system is presented in Section 4. Then in Sec-
tion 5, the bifurcation analysis is carried out by includ-
ing the AVR and PSS in the model. The results show 
that the generalized Hopf bifurcation occurs in the mod-
el. Time domain simulations using MATLAB-Simulink 
are carried out to verify the analytical findings. 

2 REVIEW OF BIFURCATION THEORY  

2.1 Nonlinear Systems and Parameter Dependence 
By definition, a nonlinear system is a system which 

does not satisfy the superposition principle. The most 
common way to define a continuous-time nonlinear 
dynamical system is to represent the system in the form 
of autonomous ordinary differential equations (ODEs). 
Consider a continuous-time nonlinear system depending 
on a parameter vector. 

ሶݔ  ൌ ݂ሺݔ, ݔ   ,ሻߙ א Թ௡,   ߙ א Թ௠ (1) 
where ݂ is smooth with respect to ݔ and ߙ. If varying 
the parameter vector ߙ results in qualitative changes in 
the system dynamic behavior in a way that different 
behaviors (aperiodic, periodic, chaotic, etc.) and stabili-
ty conditions are introduced, these changes are called 
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bifurcations and the parameter vector values at which 
the changes occur are called bifurcation (critical) val-
ues.   

2.2 Stability of Equilibrium Solutions  
Suppose that dynamical system (1) has an equili-

brium at ݔ଴ (i.e. ݂ሺݔ଴, ଴ሻߙ ൌ 0), and denote by A the 
Jacobian matrix of ݂ሺݔሻ evaluated at the equilibrium, 
A= ௫݂ሺݔ଴,  ଴ሻ. If all the eigenvalues λ1,λ2,…,λn of Aߙ
satisfy Re(λi)<0 for i=1,2,..,n, then the system ݂ሺݔ଴,  ଴ሻߙ
is asymptotically stable.  

2.3 Bifurcation mechanisms 
There are different types of bifurcations. The most 

important ones are fold bifurcation, pitchfork bifurca-
tion, transcritical bifurcation and Hopf bifurcation [8]. 
Fold bifurcations are associated with dynamic systems 
which have Jacobian matrix with a single zero eigenva-
lue while all the other eigenvalues remain in the left half 
plane. This type of bifurcation has also other names 
such as saddle-node bifurcation and turning point. Tran-
scritical bifurcation is characterized by the intersection 
of two bifurcation curves. Pitchfork bifurcations often 
occur in systems with some symmetry, as a manifesta-
tion of symmetry braking. The bifurcation correspond-
ing to the presence of distinct pair of purely imaginary 
eigenvalues λ1,2 =±i߱0, ߱0>0, of the Jacobian matrix 
௫݂ሺݔ଴, -଴ሻ is called a Hopf (or Andronov-Hopf) bifurcaߙ

tion. A Hopf point is called transversal if the real part of 
the parameter dependent complex eigenvalues creating 
the Hopf bifurcation condition has nonzero derivative 
(i.e. d(Re(λ0)/dλ്0) [9].  

2.4 Supercritical and Subcritical Hopf Bifurcation 
Limit cycles are periodic orbits that represent regular 

motions in a dynamical system. Hopf bifurcations gen-
erate limit cycles from equilibrium. Supercritical Hopf 
bifurcation results in a stable limit cycle. On the other 
hand, unstable limit cycle is born in case of subcritical 
Hopf bifurcation. In both cases, loss of equilibrium 
condition occurs. 

Whether a Hopf bifurcation is supercritical or sub-
critical can be determined by the sign of the first Lya-
punov coefficient (l1(0)) of the dynamical system near 
the equilibrium. This coefficient can be computed as 
follows [10]:   

Suppose ሺݔ଴,  ଴ሻ is an equilibrium point of (1) whereߙ
the Jacobian matrix A has a distinct pair of complex 
eigenvalues on the imaginary axis, λ1,2 = ±i߱0, ߱0>0, 
and these eigenvalues are the only eigenvalues of A with 
zero real parts. Let ݍ א  ௡ be a complex eigenvectorܥ
corresponding to λ1: 

ݍܣ  ൌ ݅߱଴ݍܣ    ,ݍത ൌ െ݅߱଴ݍത  (2) 
Introduce also the adjoint eigenvector ݌ א  ௡ havingܥ
the properties: 

݌்ܣ  ൌ െ݅߱଴݌்ܣ    ,݌ҧ ൌ ݅߱଴݌ҧ  (3) 
and satisfying the normalization 

,݌ۃ  ۄݍ ൌ 1    (4) 
where ݌ۃ, ۄݍ ൌ ∑ ௜௡ݍҧ௜݌

௜ୀଵ  is the standard scalar product 
in ܥ௡.  

Then the following invariant expression gives the 
first Lyapunov coefficient, l1(0): 
         ଵ

ଶఠ଴
Re[݌ۃ, ,ݍሺܥ ,ݍ ,݌ۃ2‐ۄതሻݍ ,ݍሺܤ ,ݍሺܤଵିܣ  ۄതሻሻݍ

,݌ۃ+           ,തݍሺܤ ሺ2݅߱଴ܫ௡‐ܣሻିଵ ܤሺݍ,  (5) [ۄሻሻݍ
where ܤ and ܥ are symmetric multilinear vector func-
tions of ݔ, ,ݕ  ,௡. With a shift of coordinates in (1)ܴ ߳ ݖ
 :x-x0=ߦ

,ݔ௜ሺܤ ሻݕ ൌ ෍
߲ଶ ௜݂ሺߦ, ଴ሻߙ
௞ߦ௝߲ߦ߲

|కୀ଴ ݔ௝ݕ௞             
௡

௝,௞ୀଵ

  ሺ6ሻ 

,ݔ௜ሺܥ ,ݕ ሻݖ ൌ ෍
߲ଷ ௜݂ሺߦ, ଴ሻߙ
௟ߦ௞߲ߦ௝߲ߦ߲

|కୀ଴ ݔ௝ݕ௞ݖ௟      ሺ7ሻ
௡

௝,௞,௟ୀଵ

 

for i =1,2,…,n.  
The software routines we have developed in 

MATLAB for the analytic calculation of l1(0) in the 
model make extensive use of the algorithms available in 
the continuation software MatCont [11]. Positive / nega-
tive sign of l1(0) corresponds to the occurrence of sub-
critical / supercritical Hopf bifurcations. If l1(0) vanish-
es with nonzero second Lyapunov coefficient (l2(0)), 
then the generalized Hopf bifurcation occurs [12].  

3 SMIB POWER SYSTEM MODEL 

3.1 Model Description 
The first system of the IEEE second benchmark 

model for SSR studies is analyzed. Fig.1 shows the 
configuration of the SMIB power system. Series capaci-
tor compensation is applied in one of the parallel trans-
mission lines. 

 
Figure 1:   SMIB power system (IEEE second benchmark 
model for SSR studies – System-1) 

The single shaft turbine generator mechanical system 
consists of a high-pressure (HP) turbine, a low-pressure 
turbine (LP), a generator and an exciter (Exc.), as shown 
in Fig.2. The coefficients K and D represent stiffness 
and damping. Rotational inertia is represented by M. 
The numerical parameters are given in the Appendix. 

 
Figure 2:  Schematic diagram of the mechanical system con-
sisting of a high-pressure (HP) turbine, a low-pressure turbine 
(LP), a generator and an exciter (Exc.)  

3.2 Mathematical Model of the system  
We include the dynamics of the generator damper 

windings on the q- and d-axes but neglect the effect of 
saturation and dynamics of the turbine governor. Using 
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direct and quadrature (d-q axes) and Park’s transforma-
tion, the complete mathematical model describing the 
dynamics of the electrical and mechanical systems can 
be written as follows [13]: 
 
(a) Electrical System 

Define the state variables: 
ࢍ࢏    ,ൌሾ݅ௗ ݅௤ ݅௙ ݅௞௤ ݅௞ௗሿ்ࢍ࢏  א Թହ  
ൌሾࢉࢂ  ௖ܸௗ  ௖ܸ௤ሿ்,   ࢉࢂ א Թଶ  
 

The equations in state space form:  
ࢍ࢏݀
ݐ݀ =B-1߱௕ሺC ࢍ࢏+D)                                    (8) 

      
ࢉࢂ݀
ݐ݀ =߱௕ሺE ࢍ࢏+F (9)                                     (ࢉࢂ 

          
Where: 

     Bൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ሺXd൅XEሻ‐ۍ 0 ܺafd 0 ܺakd

0 ‐ሺܺq൅ܺEሻ 0 ܺୟ୩୯ 0
‐ܺafd 0 fܺfd 0 fܺkd

0 ‐ܺakq 0 ܺkkq 0
‐ܺakd 0 fܺkd 0 ܺkkdے

ۑ
ۑ
ۑ
ۑ
ۑ
ې

    (10) 

 

Cൌ

ۏ
ێ
ێ
ێ
ۍ
ሺra൅ܴEሻ ‐ሺXE൅߱௥ܺqሻ 0 ߱௥ܺakq 0

ሺXE൅߱௥ܺdሻ ሺra൅ܴEሻ ‐߱௥ܺafd 0 ‐߱௥ܺakd
0 0 ‐rfd 0 0
0 0 0 ‐rkq 0
0 0 0 0 ‐rkd ے

ۑ
ۑ
ۑ
ې

 

    (11) 

Dൌ

ۏ
ێ
ێ
ێ
ۍ ଴ܸsinሺߜ௥ሻ൅ ௖ܸௗ

଴ܸcosሺߜ௥ሻ ൅ ௖ܸ௤
rfdܧ௙ௗ/ܺafd

0
0 ے

ۑ
ۑ
ۑ
ې

                (12) 

  
XEൌXt൅kXL1൅Xb   (13)  
REൌRt൅kRL1൅Rb    (14)  
 ௖/ܺ௅ଵ   (15)ܺ=ߤ

 

݇ ൌ
ඥܴ2

ଶ ൅ ܺL2
ଶ

ඥሺܴ1 ൅ ܴ2ሻଶ ൅ ሺܺL1 ൅ ܺL2 െ L1ሻଶܺߤ
      (16) 

     

Eൌ ൤μkܺL1 0 0 0 0
0 μkܺL1 0 0 0

൨  (17) 

Fൌ ൤
0 1
‐1 0൨     (18) 

 
(c) Mechanical System 

Define ࢙ࡾ=ሾ߱ଵ ߠଵ ߱ଶ ߠଶ ߱௥ ߜ௥ ߱ସ ߠସሿ் ,࢙ࡾ א Թ଼. In 
state space form:  

࢙ࡾ݀
ݐ݀ =G ࢙ࡾ+H                                                 (19) 

     
where 

G=

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ
-D1

M1

-K12

M1
0

K12

M1
0 0 0 0

ωb 0 0 0 0 0 0 0

0
K12

M2

-D2

M2

-(K12+K23ሻ
M2

0
K23

M2
0 0

0 0 ωb 0 0 0 0 0

0 0 0
K23

M3

-D3

M3

-(K23+K34ሻ
M3

0
K34

M3
0 0 0 0 ωb 0 0 0

0 0 0 0 0
K34

M4

-D4

M4

-K34

M4
0 0 0 0 0 0 ωb 0 ے

ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

 

 (20) 

Hൌ൤
D1
M1

‐ωb
D2
M2

‐ωb
ሺ ௠ܶ‐ ௘ܶ൅D3ሻ

M3
‐ωb

D4
M4

‐ωb൨
்

 

(21)  
 
In (21), ௘ܶ represents the electromechanical torque 

and it is expressed as follows: 
௘ܶ=(ܺq-ܺdሻ ݅ௗ݅௤+ܺafd݅௙݅௤-ܺakq݅௞௤݅ௗ+ܺakd݅௞ௗ݅௤    (22) 

 
Finally, in order to describe the complete model in 

state space representation form (1), we define the state 
vector ࢞ ൌ ሾ்࢙ࡾ ்ࢉࢂ ்ࢍ࢏ሿ், ࢞ א Թଵହ and combine state 
equations (8), (9) and (19) as: 

 ሶ࢞ ൌ ቎
B‐1߱௕ሺC ࢍ࢏൅Dሻ
߱௕ሺE ࢍ࢏൅F ࢉࢂሻ

G ࢙ࡾ൅H
቏                  (23) 

The control parameter vector consists of the series 
compensation factor (ߤ=ܺ௖/ܺ௅ଵ), the mechanical torque 
( ௠ܶሻ, the field voltage (ܧ௙ௗሻ and the network voltage 
level ( ଴ܸሻ. 

4 ANALYSIS OF HOPF BIFURCATIONS IN 
THE MODEL 

4.1 Bifurcation Analysis 
We use the series compensation factor (ߤ=ܺ௖/ܺ௅ଵ) as 

the bifurcation parameter and carry out bifurcation 
analysis. The other control parameters are kept constant 
( ௠ܶ=0.91, ܧ௙ௗ=2.2 and ଴ܸ=1.0).  

Fig.3 shows the oscillatory modes of the model. Su-
persynchronous and subsynchronous electrical modes 
have frequencies dependent on the series compensation 
factor. There are three torsional modes with frequencies 
of 24.7, 32.4 and 51.1 Hz.  The local swing mode has 
the frequency of 1.53 Hz. In local swing mode, the 
turbine-generator shaft sections oscillate as a rigid body. 
In case the torsional modes are excited, on the other 
hand, some of the shaft masses oscillate against the 
others causing loss of fatigue life and eventually the 
shaft damage [14]. 

As ߤ increases, the subsynchronous electrical mode 
frequency decreases and interacts with all three torsion-
al modes. The interaction results in movement of the 
real part of the corresponding eigenvalues towards to 
the zero-axis, as shown in Fig. 4.  

16th PSCC, Glasgow, Scotland, July 14-18, 2008 Page 3



 

 
Figure 3:  Oscillatory modes of the model 

 
Figure 4:  Real parts of the torsional mode eigenvalues 

The interaction with the third torsional mode occurs 
at ߤൌ0.07, without causing instability. The real part of 
the second torsional mode eigenvalue crosses the zero-
axis at ߤൌ0.5184, as a result of interaction with the 
subsynchronous electrical mode, and the system stabili-
ty is lost through a Hopf bifurcation. Though the second 
torsional mode regains stability at ߤൌ0.8110, the overall 
system stability is not regained because of the Hopf 
bifurcation occurring at ߤൌ0.7283 in the first torsional 
mode which interacts with the subsynchronous electrical 
mode.  

Using (5), the first Lyapunov coefficient for the Hopf 
bifurcation occuring at 0.5184=ߤ is computed as 
1.44x10-5. From the positive sign of l1(0), we conclude 
that the type of Hopf bifurcation is subcritical.   

 Time domain simulations using MATLAB-Simulink 
are carried out to verify the analysis results. Fig. 5 
shows the generator rotor speed response to a distur-
bance of 0.46 p.u. negative pulse torque on the genera-
tor shaft at t=5s for a duration of 0.5s at the Hopf bifur-
cation point (ߤு=0.5184). Following the disturbance, 
the generator rotor speed oscillates at decaying magni-
tudes until the born of limit cycles of small magnitude.  

The simulation is repeated for 0.55=ߤ. Fig. 6 shows 
that the limit cycles do not reach to a stable orbit. It 
should be noted that in a real system the generator 
would lose synchronism following the disturbance.   

 
Figure 5:  Generator rotor speed (߱௥) response to the 
disturbance at the Hopf bifurcation point (ߤு=0.5184) 

 
Figure 6:  Generator rotor speed (߱௥) response to the 
disturbance at 0.55=ߤ (ߤு=0.5184) 

4.2 Parameter dependency of the bifurcation point and 
the First Lyapunov Coefficient 

In addition to ߤ, the other control parameters ௠ܶ, ଴ܸ 
and ܧ௙ௗ can affect the dynamic response of the system 
under study. In this section, we analyze the impact of 
these parameters on the Hopf bifurcation points and the 
first Lyapunov coefficient, thereby on the stability of 
limit cycles arising from the Hopf bifurcation points. 

Table 1 shows the Hopf bifurcation points and the 
first Lyapunov coefficients for the varying values of   ௠ܶ 
from 0.50 to 1.0 p.u. The other control parameters ܧ௙ௗ 
and ଴ܸ are kept constant. It is evident from Table 1 that 
 .ு and l1(0) increase as Tm is raisedߤ

 

 Torsional Mode-1 Torsional Mode-2 ࢓ࢀ
μH l1(0) μH l1(0) 

0.50 0.6760 -0.69x10-5 0.4959 0.97x10-5

0.60 0.6938 -0.21x10-5 0.5026 1.08x10-5

0.70 0.7075 0.65x10-5 0.5083 1.19x10-5

0.80 0.7184 1.91x10-5 0.5133 1.30x10-5

0.90 0.7274 3.71x10-5 0.5180 1.42x10-5

1.00 0.7356 7.02x10-5 0.5226 1.65x10-5

 
Table 1:  Hopf bifurcation points and the first Lyapunov 
coefficients at different   ௠ܶ values (ܧ௙ௗ=2.2, ଴ܸ=1.0) 
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In Table 2, the Hopf bifurcation points and the first 
Lyapunov coefficients are given for the values of the 
field voltage (ܧ௙ௗሻ from 2.2 to 2.8 p.u. ௠ܶ and ଴ܸ are 
kept constant. The results show that l1(0) and ߤு of the 
torsional mode-1 decrease as ܧ௙ௗ is raised.  

 

 Torsional Mode-1 Torsional Mode-2 ࢊࢌࡱ
μH l1(0) μH l1(0) 

2.0 0.7324 7.17x10-5 0.5196 1.63x10-5

2.2 0.7283 3.95x10-5 0.5184 1.44x10-5

2.4 0.7252 2.14x10-5 0.5181 1.38x10-5

2.6 0.7226 0.72x10-5 0.5184 1.36x10-5

2.8 0.7203 -0.55x10-5 0.5190 1.34x10-5

 
Table 2:  Hopf bifurcation points and the first Lyapunov 
coefficients at different field voltages ( ௠ܶ=0.91, ଴ܸ=1.0) 

The bifurcation analysis results at various levels of 
the network voltage are shown in Table 3 for constant 
values of ௠ܶ and  ଴ܸ. Both ߤு and l1(0) decrease as the 
network voltage raises to 1.02 from 0.98 p.u.  

 

 ૙ Torsional Mode-1 Torsional Mode-2ࢂ
μH l1(0) μH l1(0) 

0.98 0.7312 4.49x10-5 0.5203 1.47x10-5

0.99 0.7297 4.21x10-5 0.5194 1.45x10-5

1.00 0.7283 3.95x10-5 0.5184 1.44x10-5

1.01 0.7269 3.71x10-5 0.5174 1.42x10-5

1.02 0.7254 3.48x10-5 0.5165 1.41x10-5

 
Table 3:  Hopf bifurcation points and the first Lyapunov 
coefficients for various network voltages (ܧ௙ௗ=2.2, ௠ܶ=0.91) 

It is interesting to see that the impact of the control 
parameters Tm, ܧ௙ௗ and ଴ܸ on the first Lyapunov coeffi-
cient is evident. Though not very significant, the 
changes in the computed first Lyapunov coefficients as 
a result of an increase or decrease in one of the control 
parameters exhibit a regular pattern. Hence, the accura-
cy of the computed first Lyapunov coefficient is found 
to be adequate for determining the type of Hopf bifurca-
tion. The analysis results show that the first Lyapunov 
coefficients remain positive and/or near zero. Therefore, 
the Hopf bifurcations in the model are found not super-
critical. The emphasis is given to identifying any occur-
rence of supercritical Hopf bifurcation condition from 
which stable limit cycle emanates.      

5 THE MODEL WITH AVR AND PSS 
Automatic Voltage Regulator (AVR) of type DC1A 

and power system stabilizer (PSS) described in [15] are 
added to the model with minor modifications. The exci-
ter saturation effect is neglected and the limiters are 
omitted. Fig.7 shows the block diagram of the excitation 
system with AVR and PSS. The numerical values for 
the AVR and the PSS parameters are provided in the 
Appendix. 

 
 

 
 
 
 

 
 
 
 

 
 
 
 
 
 
 

Figure 7:  Block diagram of  the excitation system with AVR 
and PSS 

We include the AVR and PSS dynamics into the ma-
thematical model (23) as follows. First define the state 
variables vector for the excitation system as 
ൌሾࢉ࢞ࢋࢂ ஼ܸ ܺௐ  ௦ܸ  ிܸ ܧ௙ௗሿ், ࢉ࢞ࢋࢂ א Թ૞. The state equa-
tion describing the dynamics of the excitation system 
with AVR and PSS can be written as follows: 

ࢉ࢞ࢋࢂ݀
ݐ݀ =P ࢉ࢞ࢋࢂ+Q                                      (24) 

     Where   

Pൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ
‐1
ோܶ

0 0 0 0

0
‐1
ௐܶ

0 0 0

0
ௌܭ
ଶܶ
ሺ1‐ ଵܶ

ௐܶ
ሻ

‐1
ଶܶ

0 0

0 0 0
‐1
ிܶ

0

஺ܭ‐
஺ܶ

0 0
஺ܭ‐
஺ܶ

‐1
஺ܶے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

            (25) 

    

Q= ൤ ௧ܸ

ோܶ
ሶ߱ ௥ ሺ

ௌܭ ଵܶ

ଶܶ
߱௥ሻ ሺ

ிܭ
ிܶ
ሶ௙ௗሻܧ ሺ

஺ܭ
஺ܶ

௥ܸ௘௙ሻ൨
்

(26) 

        
௧ܸ in (26) is the generator terminal voltage. Neglecting 

the transients, it can be expressed as: 
       

  ௧ܸൌටሺሺ‐ݎ௔݅ௗ൅ܺ௤݅௤ሻଶ൅ሺ‐ݎ௔݅௤ െ ܺௗ݅ௗ ൅ ܺ௔௙ௗ ௙݅ௗሻଶ   (27)  

 
Combining (24) with (23), the complete mathemati-

cal model for the SMIB power system with AVR and 
PSS is obtained as  

ሶ࢞ ൌ

ۏ
ێ
ێ
ێ
Bۍ

‐1߱௕ሺC ࢍ࢏൅Dሻ
߱௕ሺE ࢍ࢏൅F ࢉࢂሻ

G ࢙ࡾ൅H
P ࢉ࢞ࢋࢂ+Q ے

ۑ
ۑ
ۑ
ې
                            (28) 

 
The final model has 20 state variables and these are 

݅ௗ, ݅௤, ݅௙, ݅௞௤, ݅௞ௗ, ௖ܸௗ, ௖ܸ௤, ߱ଵ, ߠଵ, ߱ଶ, ߠଶ, ߱௥, ߜ௥, ߱ସ, 
 ௙ௗ. The control parameter vectorܧ ସ, ஼ܸ, ܺௐ, ௦ܸ, ிܸ andߠ

ிܭݏ
1 ൅ ݏ ிܶ

 

ܣܭ
1 ൅ ܣܶݏ

 

ܹܶݏ
1 ൅ ܹܶݏ

1 ൅ 1ܶݏ
1 ൅ 2ܶݏ

 

1
1 ൅ ܴܶݏ

 

ݎ߱ ܵܭ

 ݐܸ

Washout Phase 
Compensation 

PSS Gain 

Transducer

݂݁ݎܸ Σ 
൅ െ

Regulator 

Σ 
െ

൅

൅
݂݀ܧ

Damping 

ܺௐ

௦ܸ 
ܥܸ

 ܨܸ
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consists of the AVR gain (ܭ஺), the PSS gain (ܭௌ), the 
reference voltage ( ௥ܸ௘௙), the series compensation factor 
) the mechanical torque input ,(ߤ) ௠ܶሻ and the network 
voltage level ( ଴ܸሻ.  

5.1 Bifurcation Analysis 
With ௠ܶ=0.91, ௥ܸ௘௙=1.0982 and ଴ܸ=1.0, the same 

operating conditions as in section 4.1, the bifurcation 
analysis is carried out. Fig. 8 and Fig. 9 show the oscil-
latory modes and the real parts of the torsional mode 
eigenvalues of the model with AVR and PSS, respec-
tively.  

 
Figure 8:  Oscillatory modes of the model with AVR and PSS  

 
Figure 9:  Real parts of the torsional mode eigenvalues of the 
model with AVR and PSS 

Two more oscillatory modes with frequencies of 8.8 
Hz and 0.22 Hz appear in the model because of the 
AVR and PSS.  These oscillatory modes have sufficient 
damping and do not interact with the subsynchronous 
electrical mode.  

Tracking the movement of the eigenvalue real parts 
reveals that the real part of the second torsional mode 
crosses the zero axis at ߤൌ0.5219. The first Lyapunov 
coefficient is computed as -3.59x10-5. Similarly, the first 
torsional mode undergoes a Hopf bifurcation at 
 ൌ0.7403. l1(0) value is calculated as -1.82x10-7. Theߤ
Bifurcation of this type in which the first Lyapunov 
coefficient vanishes is called the generalized Hopf bi-
furcation. In conclusion, the Hopf bifurcations in the 
model with AVR and PSS are not supercritical. 

5.2 Time domain simulations in MATLAB-Simulink 
The SMIB power system model with AVR and PSS 

under study is modeled using the software MATLAB-
Simulink. The simulation is started in steady state with 
௠ܶ=0.91, ௥ܸ௘௙=1.0982 and ଴ܸ=1.0. The simulated dis-

turbance is identical to the one applied in Section 4. 
Fig.10 shows the generator rotor speed response to the 
disturbance at the Hopf bifurcation point (ߤு=0.5219). 
Similar to the model without AVR and PSS, the limit 
cycles reach to a stable orbit following the initial oscil-
lations. 

 
Figure 10:  Generator rotor speed response to the disturbance 
at the Hopf point (ߤு=0.5219) 

With the same values of   ௠ܶ,  ௥ܸ௘௙ and  ଴ܸ, the simula-
tion is repeated at 0.55=ߤ. Fig.11 shows the response of 
the generator rotor speed to the disturbance. As a result 
of the generalized Hopf bifurcation, the model dynamic 
response bifurcates into a torus following high magni-
tude oscillations. This phenomenon is also called the 
secondary Hopf bifurcation. It is evident from Fig. 10 
and Fig. 11 that the value of the series compensation 
factor affects dynamic response of the model to the 
identical disturbances.  

 
Figure 11:  Generator rotor speed response to the disturbance 
at 0.55=ߤ  (ߤு=0.5219) 

In the future part of this study, control techniques for 
stabilizing the unstable torsional modes in power sys-
tems susceptible to the SSR will be investigated.      
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6 CONCLUSIONS 
In this paper, we have investigated the stability of 

limit cycles emanating from the Hopf bifurcations in the 
IEEE Second Benchmark Model for SSR studies by 
computing the first Lyapunov coefficients. Generator 
damper windings are included in the nonlinear model. 
Taking the series compensation factor as bifurcation 
parameter, we have verified the existence of Hopf bifur-
cations in model. The first Lyapunov coefficients are 
computed and the results reveal that the Hopf bifurca-
tions existing in the model are not supercritical. The 
impact of the mechanical torque input, the network 
voltage and the excitation field voltage on the bifurca-
tion point and the first Lyapunov coefficient is also 
investigated.  

Moreover, the AVR and PSS are included in the 
model and bifurcation analysis results are presented. 
Two new oscillatory modes appear because of the AVR 
and PSS. The first Lyapunov coefficients are computed   
and the results indicate that the generalized Hopf bifur-
cation occurs in the model with AVR and PSS. 

The contribution we have made with this study is to 
use the first Lyapunov coefficient to determine the type 
of Hopf bifurcations existing in a SMIB power system 
susceptible to SSR. The applied method provides ana-
lytic results for studying the limit cycles. Time domain 
simulations have been carried out to verify that the 
method gives accurate results. 
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APPENDIX 

 
The numerical parameters of the system are as follows 
(All units except AVR and PSS parameters in p.u. on 
the base of the generator ratings): 
1) Synchronous generator  
Xdൌ1.65 Xq=1.59 
Xakdൌ1.51 Xakq=1.45 
Xkkdൌ1.642 Xkkq=1.5238 
Xffdൌ1.6286 Xafd=1.51  Xfkd=1.51 
ra=0.0045 rfd=0.00096 
rkd=0.016 rkq=0.0116 

2) Network 
XTൌ0.12 RT=0.0012 
XL1ൌ0.48 R1=0.0444 
XL2ൌ0.4434 R2=0.0402 
Xbൌ0.18 Rb=0.0084 

3) Mechanical System (Damping, Inertia and Stiffness 
constants) 
D1ൌ0.0498 M1=0.498  K12=42.6572 
D2ൌ0.031 M2=3.1004 K23=83.3823 
D3ൌ0.1758 M3=1.7581 K34=3.7363 
D4ൌ0.0014 M4=0.0138 

4) AVR and PSS 
KFൌ0.001 TF=0.1  KAൌ187 
TRൌ0.020 TA=0.001  KSൌ10 
T1ൌ0.050 T2=0.020  TW=10  
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