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Abstract – This paper presents and discusses a method-
ology to include in the power system security assessment
and control functions a module to deal with oscillatory
phenomena, namely Hopf Bifurcations.  The proposed
procedure is based on the computation of sensitivities of the
distance of an operating point of interest to the Hopf Bifur-
cation in the parameter space, and includes among the
control variables the pilot bus voltage of the eventual Sec-
ondary Voltage Regulation scheme.
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1 INTRODUCTION

Modern power systems are more and more facing se-
curity problems related on one side to the difficulty of
building new transmission facilities and on the other
side to the presence of the electricity market, which
make more and more difficult to plan and operate the
system in a coordinated fashion.  This is the main reason
for the growing uncertainty level which is typically dealt
with automatic devices able to face, in real time, sce-
narios unexpected as for loading level, distribution of
generators and loads etc.

One of such automatic controls, which is receiving
increasing attention in the world, is the Secondary Volt-
age Regulation (SVR): it is essentially a control system
aimed at maintaining as higher as possible the reactive
margins of an area by coordinating the area reactive
resources, e.g., the reactive margins of the generators,
by controlling the voltage of a “pilot bus” representative
of the voltage profiles of that area busses [1]-[6].

The dynamic properties of the power system compo-
nents, together with their controls, can result in unstable
phenomena, which can be studied using the bifurcation
approach.  Typically, oscillatory phenomena are related
to the presence of a Hopf Bifurcation (HB), while, e.g.,
phenomena like the voltage collapse are linked to the
presence of a Saddle Node Bifurcation (SNB).  HBs are
less frequent than SNBs, but the interest of power sys-
tem engineers on this issue is growing.  In particular, it
is of primary interest to understand how to control the
distance of a particular operating point to a Bifurcation
[7].

The present paper deals with the possibility to control
Hopf Bifurcations by adopting a security module that
makes use of the sensitivities of such HBs with respect
to the set of the control variables.  In particular, the

original issue is that the set of the control variable can
include the control parameters of the SVR, by means of
the computation of the suitable sensitivities.  After a
short introduction to the Bifurcation Theory (Sec.2), the
problem of the control of HB is faced in Sec.3, and the
implementation of this control in presence of SVR is
described in Sec.4.  Sec.5 provides some examples of
the proposed methodology based on the New England
test system, and Sec.6 concludes on the results obtained
and on future research activity.

2 BACKGROUND

This section explains some basic aspects necessary to
define the methodology proposed in the paper to control
a power system in order to avoid oscillatory problems.

2.1 System Model
Nonlinear dynamical systems, such as those obtained

from certain power system models, can be generically
described by the following ordinary differential equation
(ODE) system:

),( λλxfx =� (1)

where x∈ℜn is the state variables vector (e.g., state
variables corresponding to a series of system devices,
such as generators, and their controls); λλ∈ℜk+1 repre-
sents the set of parameters; in the paper, in particular,
λλ=[µ   p]Τ,  where µ represents a real loading “non con-
trollable” scalar parameter (i.e., the loading pattern of
the system is assumed fixed); p∈ℜk represents a set of
''controllable'' parameters (e.g., AVR set points, shunt
compensation or load shedding); and f: ℜn×ℜk+1→ℜn is
a non-linear vector function.

Moreover, typical power system models used in sta-
bility analysis present an additional difficulty, as these
systems are modeled with a set of differential and alge-
braic equations (DAE) of the form
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where the notation adopted for x, and λ is the same as
for (1); in addition, y∈ℜm represents the set of algebraic
variables defined by the nonlinear algebraic function
g:ℜn×ℜm×ℜk+1→ℜm (which typically correspond to
load bus voltages and angles, depending on the load
models used), the function f is re-defined as
f:ℜn×ℜm×ℜk →ℜn, F= [f,g]T and z = [x,y]T.



The stability of DAE systems is thoroughly discussed
from the theoretic point of view in [8].  A practical
analysis of (2), however, is based on the eigenvalue
computation of the Jacobian calculated at an equilibrium
point defined by the subscript o:

oooo DDDD |)|(|| 1 ggffA xyyx
−−= (3)

In the following, the Jacobian defined in (3) will be
studied to identify suitable control actions to avoid in-
stability problems.

2.2 Equilibria and Steady-State Points
The system equilibria obtained from F(zo,λλo)=0 are

typically defined through a subset of equations referred
to as the conventional power flow equations.  Hence, the
typical procedure is to first solve the power flow equa-
tions and then find equilibrium points of the dynamic
model before proceeding with the stability analysis of
the full DAE system (2).  For some particular dynamic
models and power flow models [9], there is no need to
solve the full system (2), but the solution of the power
flow equations is sufficient.  However, for most realistic
models, the solution of the power flow equations is not
coincident with the steady state solution of (2).  An
example is given by the computation of the so called PV
curves when only the power flow equations are used
[10]. Usually, a generator is assumed to have a constant
terminal voltage in the load flow model (PV bus); how-
ever, if the corresponding AVR is modeled in detail, the
voltage set-point for this controller should change at
each point on the PV curve to account for voltage droop,
and hence keep the terminal voltage constant.

In the present work the equilibrium points are com-
puted by the solution of (2), considering constant set-
points of AVRs and governors.  This procedure allows
the obtained PV curves to be consistent with the bifur-
cation diagrams of (2) [11].

2.3 Local Bifurcations
Standard bifurcation theory deals with the study of

the stability of ODE systems (1) that move from equilib-
rium to equilibrium as the parameter µ slowly changes
[12][13]; these concepts can be directly extended to
DAE systems represented by (2) [14].  There are several
types of bifurcations associated with the changes of µ,
some local and some global, depending on the behavior
of the system dynamic manifolds and equilibrium points.
The present paper concentrates only on the analysis of
local bifurcations, in particular the Hopf Bifurcation
(HB), which can be detected and analyzed by monitor-
ing the eigenvalues of the Jacobian defined in (3).

The HB is characterized by a complex conjugate pair
of eigenvalues crossing the imaginary axis of the com-
plex plane as µ slowly changes.  This type of bifurcation
has been associated with a variety of oscillatory phe-
nomena in power systems [7].

3 CONTROL OF HOPF BIFURCATION

The analysis of HB is related to the possibility to ob-
tain a proximity index; the sensitivities of the distance of
the current operating point to the HB can be used to
control the power system in order to define a new op-
eration point more secure with respect to such instability
risk.

First, the basic concepts on the computation of HB
sensitivities are briefly resumed from [15].  The analysis
developed in that paper, however, is based on the ODE
representation (1) for the power system.  As large power
systems are usually represented through a DAE system
like (2), it is necessary to modify the original methodol-
ogy.  In the following, the original and the adapted
methodologies are presented.

3.1 Sensitivity of Hopf Bifurcation for ODE systems
Assume that when the loading parameter µ slowly in-

creases to a critical value µ* and the design parameters
are fixed at p0, the system loses stability in a HB.  The
loading margin to instability is then M=µ*-µ0.  However,
the loading margin M can be increased by controlling p
through the use of the sensitivity Mp|p0.

The sensitivity Mp|p0 is essentially a scaled projection
of a normal vector to the HB hypersurface ΣHopf.  A
normal vector [15] to ΣHopf is given by the sensitivities
of the real part with respect to the parameters as
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where v and ω are the normalized right and left
eigenvectors of the Jacobian matrix fx|* corresponding to
the complex pair of eigenvalues on the imaginary axis
(the normalization is such that |v|=1 and ωTv=1), fxx is an
n×n×n tensor, f

[� is an n×n×(k+1) tensor and u� is the
n×(k+1) Jacobian of f with respect to the control
variables �.

The sensitivity of the load margin with respect to the
k controllable parameters p is given by the scaled vector:
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where ni are the elements of N(λλ*) (assuming nµ≠0).

3.2 Sensitivity of Hopf Bifurcation for DAE systems
The sensitivity of HB theory presented above is

straightforward for ODE systems.  However, when a
power system is represented by a DAE system (2), the
Jacobian fx should be replaced by the matrix A of (3); if
the problem involves only the determination of bifurca-
tion diagrams, the use of A does not represent a great
challenge.  On the other hand, since A is not obtained
explicitly, the sensitivity analysis is very laborious be-
cause the cubic matrices Ax and A� should be computed.
In order to avoid this problem, the present work uses the
methodology suggested in [16] and applied in [17],
which is based on the use of the “extended” right and
left eigenvectors, e=[e1 e2]

T and d=[d1 d2]
T respectively,

associated to the eigenvalue σ.
The “generalized” eigenvalue problem of (2) can be

stated [16] as
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Using the concept of “extended” eigenanalysis, the
sensitivity of HB can be determined for the DAE system
(2), as [17]:
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where now u� is the matrix of the derivatives of F with
respect to the control variables λλ.

3.3 The Secondary Voltage Regulation for the control
against a Hopf Bifurcation

Under normal conditions, the main objective of the
system control is to operate as efficiently as possible
with voltages and frequency close to their nominal val-
ues.  Regarding the voltage at busbars, this goal is
achieved primarily by controllers such as AVRs, LTC
transformers and reactive power compensation devices
and, at a hierarchical higher level, if available, by a SVR
scheme, with a slower time constant.  However, if the
system margin regarding a specific bifurcation is unsafe,
the SVR can be employed to meet new objectives such
as restoring a system security acceptable level [5].

The SVR is a control scheme designed to manage
voltage profiles and reactive power [1]-[5].  In general,
this control can act on the set-point of AVRs, the
switching of compensation devices and the change of
tap position on transformers [4].  The present work
assesses the possibility to use the additional signals
available from the SVR in order to postpone an oscilla-
tory instability caused by a HB.  The main idea of the
proposed methodology is that, if a stability margin is
greater than a minimum specified, then the SVR acts in
order to obtain an optimal voltage profile for the system.
On the other hand, if it operates with an unsafe margin,
the SVR is used to obtain a new voltage profile associ-
ated to a better stability margin.

The SVR is currently adopted in France and in Italy,
with slightly different implementations.  In Italy, e.g., a
hierarchical voltage control system [2] is based on the
presence of three levels: the AVRs are the fist level, the
SVR is the second level and the Tertiary Voltage Regu-
lation (TVR) is the third one.  The Italian system is
divided into several areas (about 18, at the moment) and
each area has to provide the reactive power necessary to
control the voltage of the bus representative of the entire
area: the pilot bus.  The reactive power to be produced
by each area is shared among the controlling generators
of that area in such a way that the reactive loading is
equal in p.u. for each controlling generator.  This makes
more secure the power system against possible pertur-
bations.  The TVR level is designed to reschedule on-
line the set points of the pilot nodes to account for dif-
ferences between the forecasted and the actual system
state.

This paper is mainly dealt with a different use of the
SVR, in order to make the system more secure against
oscillatory phenomena.  For this reason, a simpler
scheme will be adopted for the SVR: Fig. 1 presents the

block diagram for the SVR used in this work.  It is es-
sentially the same as indicated in [6], differing only by
the inclusion of limiter functions.  This scheme includes
two main parts: i) a central controller, which acts in
order to control the voltage at the pilot-node, and ii)  a
power plant controller, which regulates the reactive
power output of the plants participating on the scheme.
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Figure 1:  SVR control scheme.

The above scheme allows the demonstration of the
feasibility of the proposed methodology in order to
improve the system security against HBs, following the
ideas in [17].  That work addressed the sensitivity analy-
sis of the HB regarding a possible reschedule of set-
points of AVRs while their numerical results showed the
potentiality of this methodology.  The present work
includes a SVR scheme in the analysis and presents a
coordinated procedure to control HBs based on it.  The
following section explains some aspects related to this
new methodology.

4 THE COORDINATED PROCEDURE TO
CONTROL HOPF BIFURCATIONS

The proposed methodology has two important mod-
ules: the evaluation of the stability margin to HBs and
the improvement of this margin based on a reactive
power redispatch of generators.

4.1 The Hopf bifurcation evaluation module
For the determination of the stability margin, a known

pattern of load increase must be assumed.  Starting from
an initial equilibrium point, the load is increased by an
automatic procedure based on variable steps on the
parameter µ.  These steps are refined up to a pre-
selected value represented by the numerical precision
desired for the bifurcation point.  When a HB is de-
tected, by monitoring the eigenvalues of the matrix A of



(3), the stability margin of the base case is defined as the
distance of this bifurcation point in terms of µ.  If this
margin is below a threshold, the security enhancement
procedure takes place.

The modeling of limits, such as those applied to the
field voltage Efd of AVRs, plays an important role in the
searching process of the HB point.  The procedure takes
into account a complete modeling of limits, as indicated
in [18].  If a limit is hit, a sudden change on the system
behavior takes place, and a Limit Induced Bifurcation
(LIB) can occur [11]: the complex pair of eigenvalues
related to the HB can be destroyed when limits are
reached.  Two important consequences can follow:  a) If
the LIB is stable, depending on the step used for the
iteration which detects the limitation, the searching
process must verify with a smaller step the existence of a
HB before the LIB; if there is no such bifurcation, the
Hopf searching process continues for a loading level
upper the LIB point.  b) If the LIB is unstable, an imme-
diate instability is verified as consequence of the limita-
tion; in this case, the phenomenon needs a specific
analysis based on its hypersurface and thus it is not
covered by this work.

4.2 The security enhancement module
Once a HB has been detected, the enhancement mod-

ule takes place to determine the preventive or corrective
actions required to increase the security margin and to
postpone the HB, using as control variables, in addition
to the traditional ones, the signals controlled by the SVR
scheme.  Table 1 indicates four different options imple-
mented in this module.  In this table, SVRCC and
SVRPPC refer to the central and the power plant con-
trollers (Fig. 1).

Option SVRCC SVRPPC Control
param. (p)

1 enabled enabled Vref SVR

2 enabled disabled Vref SVR

3 disabled enabled Vsvrcc i

4 disabled disabled Vsvrppc i

Table 1:  Different options for the Hopf control via a SVR
scheme.

There are significant differences between the options
presented here.  For those with the SVRCC enabled, the
resultant scheme, in addition to the Hopf control, acts in
order to keep constant the voltage at the pilot busbar.
For SVRPPC enabled there is a regulation on the reac-
tive power output of the plants participating on the SVR.
The implementation considers also that, if the disabled
controller is not related to the control parameter pi, then
the associated signal is kept constant in the simulations.
Some of those options are more realistic: for example,
Option 1 means SVR fully in operation, while Option 4
is relevant to the absence of SVR.  As a result of the
application of this methodology, the resulting secure
operating point is characterized by a new voltage pro-

file, kindly different from the one obtained with the
original setting of the SVR.

The following section presents some numerical re-
sults for the methodology presented here.

5 NUMERICAL RESULTS

The present section applies the proposed methodol-
ogy to the New England test system [19].  In all simula-
tions performed, the bifurcation parameter µ is used to
model power load variations in all buses, i.e.,
Pl=Plo(1+µ) and Ql=Qlo(1+µ), where Plo and Qlo are the
initial values for the loads.  All loads are considered
independent on the voltage, for both active and reactive
power.  The bifurcation diagrams are determined di-
rectly from the DAE system, with the use of constant
set-points of AVRs and governors (values indicated in
Appendix).  In order to perform a realistic simulation, an
Automatic Generation Control (AGC) is added to the
original system.  The AGC allows a constant frequency
for the system when the demand load is increased ac-
cording to µ.  The input signal of this AGC is the fre-
quency deviation while the output acts uniformly on the
generators 32 to 39.

The SVR scheme considered for this system is made
by only one area: this allows the easy evaluation of the
improvement of the security against HBs, even if possi-
ble interactions among areas are not considered.  The
considered area is relevant to the pilot bus 19, controlled
by generators 31 to 34.  The pilot busbar voltage set
point is Vref SVR = 1.02 p.u.  The choice for this node as
the pilot busbar is justified by its strong influence on the
voltage of the remaining busbars.  The parameters
adopted for this SVR are Kp=0.005 and Ti=100.0 s, for
both central and power plant controllers.

Referring to the following figures, the behavior of the
system under SVR action is such as indicated by the
curves which include the points A and A1.  At the point
A1, the system experiences the HB, with the loading
µ=0.1748.  The complex pair of eigenvalues associated
to this Hopf has an imaginary part around 2.5 rad/s; a
participating factor analysis indicates an association of
this pair mainly with the variables E’q and Efd of gen-
erator 38.  In order to control this bifurcation, a secure
margin on µ=0.02 is adopted.  This margin allows the
system to have a damping factor associated to the domi-
nant eigenvalues greater than 0.085.  Therefore, for a
loading parameter greater than µ=0.1548, indicated in
the figures by the point A, the control procedure de-
scribed in the previous sections becomes active, to im-
prove the security margin.  For the sake of brevity, only
the results of the Options 1 and 4, accordingly to Table
1, are shown in the following.

5.1 Option 1
When the control is operating with Option 1, both

central and power plant controllers are enabled, and the
set-point Vref SVR of the SVR is the only control parame-
ter.  The results obtained in this case are shown in Fig-



ures 2 and 3, where the voltage at busses 16 and 19
(pilot busbar), respectively, are plotted as function of µ.

Figure 2:  Bifurcation diagrams obtained for HB control with
Option 1.

Figure 3:  Bifurcation diagrams obtained for HB control with
Option 1.

Figures 2 and 3 explain some details of the adopted
control.  Consider the search of the optimal set-point
VrefSVR regarding the stability margin for the loading
µ=0.16, starting with the original set-point Vref SVR = 1.02
p.u.  From the loading µ=0.16, the HB evaluation mod-
ule increases the load up to the Hopf point.  Since the
HB occurs at point A1 (µ=0.1748), the system has a
margin M=0.0148.  In order to increase the margin from
0.0148 to 0.02, the security enhancement module is
called.  The aim of the control is then to add a margin
0.0052 to the original 0.0148, based on the sensitivity
computed for the HB point. As the sensitivity of M with
respect to the set-point Vref SVR is equal to 1.4010, it
follows that this set-point should be increased by
0.0052/1.4010=0.0037.  Once the pilot bus voltage is
updated, with the new Vref SVR = 1.0237 the procedure is
iterated until the pre-selected margin M=0.02 is attained.
In this particular case, one iteration is sufficient to ob-

tain the desired security margin and the procedure gives,
for µ=0.16, the new point B, to which corresponds a HB
point (B1) for µ=0.18.  Also, voltage at bus 16 is higher
than the voltage in A and it is equal to 0.9937.  If the
mentioned procedure is applied to different loading
values, the resulting set of equilibrium points describes
the curve evolving the points A-B-C.  The last point C
corresponds to the upper limit of VrefSVR equal to 1.05.
Notice that if Vref SVR is kept constant from any point on
the curve A-B-C, the system experiences the Hopf at the
curve HB.  The fact that only one iteration is sufficient
indicates that the non-linearity of the system is not re-
markable.  This is confirmed by other tests: usually three
iterations are enough to reach the goal of the security
enhancement module.

5.2 Option 4
With this option, both central and power plant con-

trollers are disabled.  Consequently, when the HB con-
trol scheme starts, the signal Vsvrcc from the central con-
troller is kept constant and the signals Vsvrppc i from the
power plants are considered the controllable parameters.
The results obtained in this case are shown in Figures 4
and 5.

Figure 4:  Bifurcation diagrams obtained for HB control with
Option 4.

Since this HB control scheme disables the original
blocks of the central and power plant controllers, the
resulting switching of equations change the HB origi-
nally detected without it.  In fact, for the point A de-
picted on Figures 4 and 5 a new HB is detected at a
lower loading level µ=0.1683 (point AH):  this  demon-
strates that the only presence of the SVR (Option 1)
gives a higher margin with respect to the HB.  Suppose
the system is working at a loading level µ=0.1548, and
thus the security margin is not guaranteed.  In order to
control it, the operating point should be changed to point
E, at a higher voltage level (V16=0.9963, V19=1.0269), to
which corresponds the HB (point E1) at the loading
level µ=0.1748.  As a consequence, in order to maintain
the desired stability margin for the system, a new oper-



ating point E (with a higher value of voltage) is obtained
for the loading µ=0.1548.  Notice also that there is no
more a constant voltage for the pilot busbar, as indicated
in Figure 5.

Figure 5:  Bifurcation diagrams obtained for HB control with
Option 4.

5.3 Influence on other bifurcations
Other bifurcations than HB present in the system af-

fect the use of the proposed methodology.  Figure 6
shows in detail other bifurcations present in the simula-
tion when Option 1 is performed and there is no limita-
tion applied to Vref SVR.  After the HB, the system experi-
ences an unstable LIB, associated to the Q limitation of
the generator 34.  This LIB occurs on the curve which
includes the points A2-C2-D2 and is followed by the
saddle-node bifurcation, indicated by the point SNB.
One can see clearly that the HB curve is destroyed at the
point D1, when it reaches this unstable LIB manifold.
As a consequence, for loadings greater than µ=0.2010
with Vref SVR=1.0580 (point D) the HB evaluation module
does not detect the HB.

A detailed set of bifurcation diagrams for the Option
4 is shown in Figure 7.  These manifolds were obtained
by simulations without limits applied to the signals
Vsvrppc of each generator.  Differently from the previous
case, the LIB that follows the HB is now a stable one
and hence there is no more an immediate change in the
stability when machine 34 reaches its limits.  However,
an interesting event occurs for loadings upper than that
related to the point G, with µ=0.2200.  For this point,
the coordinated procedure to control the HB brings the
system to the HB at the point G1, with µ=0.2400.  At
this point however, the HB manifold reaches the stable
LIB curve, and there is a “jump” on the eigenvalues
related to the HB.  A new Hopf point is then obtained at
the point HB*, with µ=0.2466.  The possibility of this
increase on the system margin as consequence of a LIB
occurrence must be considered by the proposed coordi-
nated procedure.

Regarding the results obtained here, it must be em-
phasized that they are specific for this particular system.
These results, however, demonstrate the importance of
the evaluation and comparison of several options in
order to obtain a reliable control on the system.

Figure 6:  Detailed bifurcation diagrams for Option 1.

Figure 7:  Detailed bifurcation diagrams for Option 4.

6 CONCLUSIONS

This paper presents and discusses a coordinated pro-
cedure to control Hopf bifurcations in electric power
systems based on the additional signals available from a
Secondary Voltage Regulation (SVR) scheme.  This
procedure comprises the modules related to the evalua-
tion of the stability margin to the Hopf bifurcation point
and the improvement of this margin based on a reactive
power redispatch of generators.  The resulting secure
operating point is characterized by a new voltage pro-
file, kindly different from the one obtained with the
original setting of the SVR.

The results presented for the New England test sys-
tem demonstrate the effectiveness of the proposed meth-
odology on the control of Hopf bifurcation.



Future work on this subject includes the application
of the proposed methodology to a real multi-area sys-
tem.
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APPENDIX

Gen Vref (p.u.) Pmec ref (MW)
30 1.0241 250.107
31 0.9363 583.600
32 1.0221 651.856
33 0.9611 632.918
34 1.1787 508.391
35 1.0090 676.061
36 1.1347 560.767
37 0.9884 541.893
38 1.0915 831.961
39 1.0605 1000.974

Table 2:  Set-points of AVRs and governors.
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