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Abstract – In recent years the power system industry 

has witnessed an increase of automation techniques in 
system operation.  This development is especially evident 
with smaller systems, such as naval shipboard power sys-
tems.  Traditionally, a nonlinear algebraic model of the 
power system is used to determine the system observability.  
In particular, the sensitivity of the system measurements 
(real and reactive power for example) to the change in the 
system states (bus voltages and angles) is used as a measure 
of observability, derived from the power system state-
estimation problem.  It ignores, however, the non-linear 
dynamics of the system related to generator performance, 
non-linear components, etc.  The proposed observability 
formulation accounts for these nonlinearities providing a 
more comprehensive observability determination with the 
ability to track the trajectories of the dynamic variables 
over time and is derived from a DAE model of the power 
system.  An example 3-bus power system is presented to 
illustrate the proposed method.  

Keywords: Observability, DAE, Nonlinear Dynam-
ics 

1 INTRODUCTION 
Traditionally, power system observability requires 

that enough measurements exist and they are distributed 
throughout the network, in such a way that the solution 
to the state estimation problem is possible.  This focuses 
on the nonlinear algebraic model of the system, namely 
the power flow equations that describe the system inter-
actions.  These approaches are divided into two major 
areas: topological and numerical based observability 
formulations.  These techniques have been successfully 
implemented in large systems to evaluate the observabil-
ity of the system.    

The topological approach, based on graph theory, fo-
cuses on determining the maximum spanning tree (a tree 
that contains every node in the network), of full rank, 
where each branch of the tree is assigned to a different 
measurement.  With this configuration, all branch flows 
can be determined from the measurements, making the 
network observable (assuming the entire network is 
incorporated in the spanning tree).  A more detailed 
description of topological observability formulations can 
be found in [1-4]. 

Numerical approaches center upon the evaluation of 
the Jacobian matrix.  When the Jacobian matrix is of 

full-rank, the state estimation problem is solvable, and 
therefore the network is said to be observable.  The 
Jacobian matrix represents the sensitivity of the avail-
able measurements to the states of the system.  .  A more 
detailed description of numerical observability formula-
tions can be found in [5-9]. 

In summary, the existing observability formulations 
for power systems either evaluate the topology of the 
system using graph theoretic approaches, or focus on the 
determination of the state-estimation problem and are 
thus formulated with a non-linear algebraic equation 
description of the system. Therefore the non-linear dy-
namics of the system, related to the performance of the 
power generation source, for example, are neglected.  
With increases in system automation, it is desired to 
have a more detailed evaluation of the system ob-
servability as dynamic changes in the system occur.  
Currently the observability evaluations focus on the 
system being at an operating point, and evaluating 
whether this operating point is observable.  To extend 
this evaluation, it would be useful to be able to track the 
system observability function for trajectories around 
these operating points, caused by small perturbations in 
the system.  Therefore it is desired to incorporate these 
dynamics into an observability formulation that will 
enable us to track both the algebraic variables of the 
system, as well as the dynamic variables of the system.  
By including the non-linear dynamics of the system into 
our model, we form a Differential Algebraic Equation 
(DAE) model of the power system, which has a general 
form: 

(1.1) 
(1.2) 
(1.3) 

 
where f(.) is a set of non-linear differential equations 
(dependent on the generator model), g(.) is a set of non-
linear algebraic equations (load flow mismatch equa-
tions), H(.) is the set of nonlinear algebraic equations 
related to the available measurements, p is the measure-
ment vector, x is the set of dynamic state variables (gen-
erator phase angle δ, angular speed ω), and the set of 
static state variables (bus voltages Vi and phases θi), u is 
a set of independent control parameters and generator 
parameters, and Y represents the network parameters 
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(bus admittance matrix - Ybus).  The observability formu-
lation is derived by reforming Equations 1.a-1.c as: 

 
(2.1) 
(2.2) 

 
where F(.) is the set of functions relating to both the 
nonlinear dynamics and the non-linear algebraic equa-
tions of the system model (previously f(.) and g(.) in 
Equation 1.)  In the power system application, the DAE 
system described by Equation 2 is of index 1 (the system 
can be decomposed to an equivalent ODE system with a 
single differentiation of the algebraic equations).  The 
observability formulation, derived from Equation 2, in 
the special case of index 1 DAEs, is given in terms of 
the following Jacobian (JO) [12]: 

 
(3.1) 

 
where 
 

(3.2) 
 
 

(3.3) 
 
 

and where Fx is the sensitivity of the nonlinear dynamic 
equations and nonlinear algebraic equations to the dy-
namic variables and algebraic variables of the system x, 
Fx’ is the sensitivity of F(.) to the derivatives of the dy-
namic and algebraic variables x, and Hx is the sensitivity 
of the measurement equations to the dynamic and alge-
braic variables x.   

The system is considered observable, as long as the 
Jacobian in Equation 3, (JO), has full rank.  The benefit 
of this approach is the ability to evaluate an observabil-
ity determination along the trajectory of the dynamic 
system states.   

This paper is organized as follows: the problem for-
mulation of the observability determination for a general 
N-bus system is developed in the Section 2; the formula-
tion is further illustrated with a 3-bus power system 
example in Section 3, followed by the Conclusions sec-
tion which includes the direction of future work on the 
topic. 

2 PROBLEM FORMULATION 
 
As mentioned, it is desired to derive an observability 

formulation including the non-linear dynamics of power 
systems.  Overall, each observability determination 
follows the flow diagram of Figure 1, having four main 
elements: 

• Network Processor – responsible for providing the 
power system network information to the ob-
servability formulation 

• Meter Placement – responsible for placing meters in 
appropriate locations for observability 

• Observability Formulation – the specific algorithm 
that determines the system observability 

• Observability Determination – a qualitative analysis 
of the system observability – if the system is not ob-
servable what corrective actions can be taken 

In the case of traditional topological observability, 
the network processor consists of a hierarchical graph of 
the power system, and the observability formulation is 
focused on determining the maximum spanning tree of 
full-rank.  In the case of traditional numerical ob-
servability, the network information is in the form of the 
bus-admittance matrix, Ybus, and the observability 
formulation is based on the rank of the Jacobian matrix, 
defined by the state-estimation process.   

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Outline of a Generic Power System Ob-
servability Formulation 

 
In the proposed formulation, the network processor 

again is in the form of the bus admittance matrix, Ybus, 
however now the observability formulation includes the 
nonlinear dynamics of the power system, and is focused 
on the evaluation of the Jacobian, JO, outlined in Equa-
tion 3.  This paper focuses on the development of the 
observability formulation portion of the power system 
observability problem.  The issues arising from meter 
placement have in the past been based on the particular 
observability formulations used (increase the measure-
ment set to ensure that the Jacobian is of full-rank in the 
traditional numerical observability methods).  Clearly 
the set of initial measurements affects the observability 
formulation.  However, the problem of meter number 
and type or optimal meter placement is not addressed 
within this observability formulation.  Therefore it is 
necessary to now examine our power system model. 

Starting with the nonlinear system dynamics, the be-
havior of the generation equipment, in an electrome-
chanical sense can be modeled by the swing equation: 

(4) 
 

where δi is the mechanical rotor angle of the rotating 
machine, Mi is the inertia constant of the generator, Di is 
the damping constant of the generator, i is the system 
bus index, ranging from 1…n for the  n generator buses 
in the system, and PGi is the per phase electrical power 
supplied by the generator given by: 
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(5.1) 
 
 
where Gij and Bij are the conductance and the suscep-
tance between buses i and j respectively, θi is the phase 
of voltage Vi at bus i, m is the total number of buses in 
the system, and Pmi is the mechanical power for the ith 
generator, given as: 

(5.2) 
 
where ki is a constant and P0 is an initial value of the 
mechanical input.  This expression for the mechanical 
input incorporates the speed control of the machine, and 
is assumed to be the same for each generator, therefore 
ki=k for all i=1…n generators in the system.  This as-
sumption is made to simplify the analysis but can be 
removed in the future without any change in the pro-
posed observability formulation. 

Simplifying to a first order system, and using genera-
tor bus n as the reference bus we have: 

(6.1) 
(6.2) 

 
 

where the assumption was made that all generators in 
the system are identical, and therefore the inertia con-
stant Mi along with the damping constant, Di of each 
generator is the same value.  Again, as in the case of the 
identical input mechanical power model for all genera-
tors, this assumption, is made to simplify the initial 
analysis or the system, but can be relaxed in the future 
without compromising the formulation of the problem.   

Next, considering the nonlinear algebraic equations 
of the power system model, we have the traditional 
power flow equations based on the real and reactive 
power calculations at each load bus of the network, 
namely: 

(7) 
 
 
 

 
 
 
 
 
where i=n+1…m load buses, Pi and Qi are constants 
representing the numerical solution of for the real and 
reactive power when the power flow solution is satis-
fied, and k is the iterate of the power flow solution.  
Notice that the structure preserving power system model 
is selected [11]. 

Suppose now we introduce the following notations: 
 

(8) 
 
 
 
 

 
 
 
 
 
we will have a system of equations in the form of F(.) in 
Equation 2.1, namely: 

(9) 
 
 
 
 
 
 
 
 

The last element of the model corresponds to the 
available measurements of the system.  These equations, 
like the power flow equations, are nonlinear algebraic 
relationships between the voltage and phase variables 
(algebraic variables) of the system.  For this formula-
tion, we assume that the available measurements are 
either: 

• real and reactive power measurements at load buses  
• real power branch measurements 
The measurement equations have the form: 
 

(10) 
 
 

 
 

where z1 corresponds to the vector of load buses with 
available P-Q measurements (2p such measurements), 
and z2 corresponds to the vector of branch power flow 
measurements (r such measurements). The measurement 
vector p corresponds to the measurement vector in 
Equation 2.2.  Therefore the model of the system, as 
described in Equation 2 is complete.   

The observability determination follows from this 
model, with the evaluation of the Jacobian (JO), as out-
lined in Equation 3.1.  The main elements of Equation 
3.2 and 3.3 consist of Fx, Fx’, and Hx.  Starting with Fx, 
which is basically the Jacobian of F with respect to x: 
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where I is the identity matrix, and β is a constant.  Next, 
we examine the evaluation of Fx’, which is expressed as:   
 

(11.1) 
 

(11.2) 
 
 
 
 
 
 
 

The remaining element for the Jacobian Jo evaluation 
is the Hx element, which is expressed as: 

 
(12.1) 
(12.2) 

 
 
 
 
 
 
 
 
 
 
To better illustrate the development of the observabil-

ity Jacobian, Jo, a generic 3-bus power system is evalu-
ated in the following section.  This illustration also fo-
cuses on the development of Equations 3.2-3.3.  Be-
cause in this system we have two generators, we have 
one degree of freedom in the model, in terms of dynamic 
variables.  Therefore, the applied perturbations are on a 
single variable.  Future cases, where systems are larger, 
will provide more degrees of freedom, with multiple 
perturbations of the dynamic states and illustrate the 
ability to track all the dynamic state trajectories. 

3 ILLUSTRATIVE EXAMPLE 

To illustrate the observability formulation of a DAE 
model, a 3-bus power system depicted in Figure 2 was 
selected, where GS represents a generator, R and L 
represent the resistance and inductance of the lines re-
spectively, and P and Q represent the real and reactive 
power respectively.  The equations of the system can be 
expressed as : 

 

(13) 
 

(14) 
 
where 
 
 
and 

 
(15) 

 
 
 

(16) 
 
 
 
 
 
where bus-2 is taken as the reference bus.   
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 2: 3-Bus Power System Example 

 
For this particular example, the system parameters 

used are given in Table 1. 
 

Table 1: 3-bus System Parameter Data 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
To check if it is possible to observe the dynamic state 

trajectories, we examine the upper half of the Jacobian 
matrix Jo in Equation 3.1, and from the associated defi-
ciency, add the appropriate number of measurements to 
make the Jacobian Jo full-rank.  The dynamic trajecto-
ries in this case are the trajectories for x1 and x2.  We 
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Dynamic Variable x1

arbitrarily perturb the dynamic state variable x1 from an 
initial operating point (given in Table 1), by 10% to 
obtain a trajectory of the state as it settles back to the 
initial operating point.  A sample trajectory of x1 is pro-
vided in Figure 3. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: Sample Trajectory of a System Dynamic 
Variable 

 
Evaluating the upper half of the Jacobian matrix Jo in 

Equation 3.1, namely the G entries, we notice that when 
the dynamic variable x2 is exactly zero, there is a defi-
ciency in the rank, namely rank=7 (whereas full-rank in 
this case would be rank=8).  An example of which is 
illustrated below.  Given x2=0, the evaluation of the G 
entries of the Jacobian Jo, provide a rank-deficient ma-
trix such as: 
 
 
 
 
 
 
 
 
 
In order to maintain full-rank in the evaluation of Jo, it is 
necessary to add a measurement that will allow you to 
track the trajectory of x2. Therefore the branch flow 
measurement P23 is added, providing a full Jacobian Jo, 
which is full-rank (rank=8): 

 
 
 
 
 
 
 
 
 
 
 
 
Therefore, in order to track the dynamic state trajec-

tory x2 it is necessary to have the branch flow measure-

ment present.  Notice that the rank of the G entries for 
the Jacobian Jo are full-rank when the dynamic variable 
x2 is not zero, which indicates that any measurement set 
would allow you to track the trajectory of the state.  
However, when the trajectory passes zero, it is necessary 
to have the branch flow measurement present in order to 
observe the state trajectory. 

This example illustrates the ability to track the ob-
servability of the system, about the system state trajecto-
ries, and illustrates the significance of the required 
measurements in the system to successfully accomplish 
this task. 

4 CONCLUSIONS 
 
This paper focused on the formulation of an ob-

servability Jacobian that includes the nonlinear behavior 
of the system and the ability to track the trajectories of 
the dynamic states during nonlinear behavior.  The for-
mulation is illustrated with a 3-bus system example.  
Future results will focus on systems of larger size, and 
incorporate load dynamics. 
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