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Abstract – This paper presents a method for detailed
modeling and identification of breaker statuses in general-
ized state estimation. For each breaker its active and reac-
tive power flows and its status (open or closed) are added
as extra continuous state variables. Each breaker is charac-
terized by its measured status as obtained by SCADA.
Depending on this status, extra pseudomeasurements are
introduced which define the corresponding breaker oper-
ating conditions. The method treats the analog and status
measurements as "regular" measurements. Observability
and bad data processing schemes are utilized both for
analog and topological measurements. The )x̂(J –test and
normalized residual techniques are applied for bad data
detection and identification. The method is illustrated with
a 20 node system.

Keywords: Generalized State Estimation, Circuit
Breaker Status, Observability, Bad Data Analysis.

1 INTRODUCTION
In the conventional state estimator (SE), the

bus/branch network model is determined by the topol-
ogy processor, using switching device statuses, and the
analog data is processed next by the state estimator.
Generalized state estimation performs a detailed substa-
tion modeling (bus-section/switching device level),
making it possible to detect and identify topology errors,
which would appear as interacting bad data. In general-
ized state estimation, analog and switch data are proc-
essed as a single interacting information set.

Several methods for topology error identification can
be found in the literature [1-5]. In [6] substation data is
validated by a LP state estimation approach and power
flows on circuit breakers (CB) are estimated. In [7-9]
the WLS state estimator is presented, which models the
circuit breakers as zero impedance branches and their
power flows as variables. A production grade general-
ized state estimator is described in [10-11]. In [12] a
LAV state estimation method is presented to detect and
identify status errors of circuit breakers. Detailed physi-
cal level modeling of substations is done in [13] and a
corresponding numerical observability scheme is pre-
sented in [14]. In [15] the well known )x̂(J -test is
extended to validate hypothesis about switching device
status.

In this paper a new approach is presented, for breaker
status identification and bus voltage estimation. The
conventional WLS state estimator is extended by incor-
porating the active and reactive power flows on circuit

breakers and their statuses as state variables. The new
feature of the algorithm is that breaker statuses are con-
sidered as unknown continuous variables. The method
overcomes the drawbacks of the existing methods,
which assume a certain status for each breaker and
check a posteriori the status of doubtful switches by
means of hypothesis testing [15]. Observability is de-
termined by applying the reduced model based method
of [16]. For the detection and identification of bad status
and analog measurements, statistical tests on perform-
ance index )x̂(J  and normalized residuals are per-
formed [18]. The proposed method is illustrated with a
20 node bus system.

2 STATE ESTIMATION BACKGROUND
For a N -bus system the state vector x  of dimension

1N2n −=  is defined as:
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where, z  is a 1mx  measurement vector, v  is a 1mx
noise vector, (.)h  is a 1mx  vector of nonlinear func-
tions and R  is the diagonal measurement covariance
matrix. The estimated state vector x̂  is defined by:

[ ] [ ])x(hzR)x(hz)x(J  min 1T −−= − (3)

and satisfies the optimality condition:

 0x/)x̂(J =∂∂      (4)

3 CIRCUIT BREAKER MODELING
The status of a telemetered circuit breaker l-k  can

be defined by a discrete (zero-one) random variable
klX , as follows:

Figure 1:  Circuit breaker status modeling.

The probability function of this random variable is:

klkl s1)P(X == ,  klkl s10)P(X −== ,  1s0 kl ≤≤    (5)
where kls  is a continuous (non-integer) variable. The

Xkl=1: closed breaker Xkl=0: open breaker



expected value and variance of klX  are defined as [19]:
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Let klP  be the true active power flow on CB l-k . We
define by klY  { klΘ } a zero-one random variable and by

)Y(E kl  { )(E klΘ } its expected value as follows:
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If 1X kl =  (closed), klP  may have any value. If 0X kl =
(open) then 0Pkl = . Therefore, klY  always satisfies:

 klklklkl P)Y(EPY =⇒= (9)
If 0X kl =  (open), klδ∆  may have any value. If

1X kl =  (closed) then 0kl =δ∆ . Therefore, klΘ  always
satisfies:

 0)(E0 klkl =⇒= ΘΘ (10)
If we assume that status of breaker l-k  is certain
( 1skl =  for closed breaker, 0skl =  for open breaker),
from (7), (9) and (8), (10) respectively we derive that:

0  )Ps-(1 klkl =      (11)
0)(s  s lkklklkl =−= δδδ∆                            (12)

Similarly, we derive that:
0  )Qs-(1 klkl =                             (13)

0 )V-V ( s Vs lkklklkl ==∆                  (14)
where klQ  is the true reactive power flow on CB l-k .
Equations (11-14) are based on the hypothesis that
status of breaker l-k  is certain (  1skl = or 0skl = ). If
(11-14) are not satisfied (  1s0 kl << ) breaker status is
uncertain.

4 THE  EXTENDED MEASUREMENT MODEL
The measurement model (2) is extended, by taking

into account the circuit breakers. For each circuit
breaker l-k , voltage angles and magnitudes kδ , kV
and lδ , lV  of its terminal nodes, active and reactive
power flows klP , klQ  and probability kls  of breaker
being closed, are added as state variables (Fig. 2).

Figure 2:  State variab

For every circuit br
ments are added:

- pseudo measurements based on breaker status

kl0 δ∆= klV0 ∆= (if 1X kl = ) (15)

klP0 = klQ0 = (if 0X kl = ) (16)

- pseudo measurements based on (11-14)

klkls0 δ∆= klkl Vs0 ∆= (17)

klkl )Ps-(10 = klkl )Qs-(10 = (18)

− status measurements

klskl
m
kl v ss += (19)

where, m
kls  is the measured status of CB l-k  and

0sm
kl =  ( 1sm

kl = ) for open (closed) breaker.

For a flow measured circuit breaker l-k  (Fig. 3) the
following measurements are added:

Figure 3:  Flow measured circuit breaker l-k

klPkl
m

kl v PP +=
klQkl

m
kl v QQ += (20)

For a flow measured regular branch l-k :

klPklP,
m

kl v (x)hP +=
klQklQ,

m
kl v (x)hQ += (21)

For an injection measured node k :

Figure 4:  Injection measured node k
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where, kL  ( kB ) is the set of nodes connected to node k

by regular branches (circuit breakers) and (x)h klP, ,

(x)h klQ, , (x)h kiP, , (x)h kiQ,  are the nonlinear power flow
functions of x . Pseudomeasurements (15-18) are not
treated as equality constraints, but as noisy measure-
ments with proper weighting factors, as it will be ex-
plained in the next section.

5 STATE  ESTIMATION ALGORITHM

Pkl             -Pkl
Qkl     skl    -Qkl
The extended state vector can be defined as:
TTTT
Vk, δk                 Vl, δl
les related to circuit breaker l-k

eaker l-k  the following measure-

[ ] sf xy = (24)

[ ]TTT Q Pf = (25)
where Q  P,  are the lx1 vectors of the unknown Q  P,



flows on CBs and s is the lx1 vector of CB statuses. The
extended measurement model can be written as:

 v)s,f,x(gv)y(gz +≡+=  (26)
 or
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where measurements are related to equations as follows

Az ( 1xmA ) to (15), (22) and (23) with ∅=kB

Bz  ( 1xmB ) to (22), (23) with ∅≠kL , ∅≠kB

Iz  ( 1xmI ) to (16), (20), (22) and (23) with ∅=kL

Sz  ( 1lx ) to (19)
)s,x(hC  ( 1lx2 ) to (17)
)s,f(hD  ( 1lx2 ) to (18)

Matrices BM  ( l2xmB ), IM ( l2xmI ) are measurement-
to-breaker incident matrices and lI  is the lxl  identity
matrix. The state vector ŷ  minimizes the objective
function:

)]y(gz[R)]y(gz[)y(J 1T −−= −      (28)

The following iterative scheme is used to compute ŷ :
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and )y(HR)y(H)y(G k1kTk −=  is the nxn  gain ma-
trix. The number of measurements is

l5mmmm IBA +++=  and the number of state vari-
ables is l31N2n +−= . Pseudomeasurements (15-16)
are given lower confidence and weights than those of the
analog measurements. Breaker status measurements (19)
and pseudomeasurements (17-18) are given weights
comparable to those of analog measurements. Zero
injection measurements of type (22-23) are given very
large weights.

6 OBSERVABILITY ANALYSIS
The system is observable, if the available measure-

ments are adequate to compute ŷ . Equations (29) are
solvable if and only if H  (or G ) are of full column

rank ( 0]G[def]H[def == ). The deficiency t  of
matrix H  (or G ) is equal to the number of zero pivots
in the diagonal matrix D  of the DUU T  decomposition
of G . If 0t =  ( 0t ≠ ), the system is observable (unob-
servable). The )H(rank is defined by Theorem 1.
Theorem 1 The column rank deficiency of the Jacobian
matrix )y(H 0  at flat start is equal to:

)FF(def)F(def)H(deft T===        (31)

where
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Proof : Without loss of generality the δ−P  problem is
examined. The rows of H corresponding to circuit
breaker measurements are shown in Tables 1 and 2.

Equation kδ lδ klP kls

0kl =δ∆ 1 -1 0 0
m
klkl ss = 0 0 0 1

0s klkl =δ∆ kls kls− 0 klδ∆
0P)s1( klkl =− 0 0 kls1− klP−

Table 1:  Part of Jacobian matrix related to closed CB lk−

Equation kδ lδ klP kls

0Pkl = 0 0 1 0
m
klkl ss = 0 0 0 1

0s klkl =δ∆ kls kls− 0 klδ∆
0P)s1( klkl =− 0 0 kls1− klP−

Table 2:  Part of Jacobian matrix related to open CB lk−

The first row in Table 1 (Table 2) corresponds to AH
( IM )  respectively. At flat start we consider:
- 0lk == δδ , 0Pkl = .
- 1skl = , if breaker lk−  is closed (Table 1); the 4th

row is zero and the 3rd row is equal to the 1st row.
- 0 skl = , if breaker lk−  is open (Table 2); the 4th

row is equal to the 1st row and the 3rd row is zero.
- the 2nd row (Tables 1 and 2) is linearly independent

on all other rows.

Hence )F(defI0
0Fdef)H(def
l

=



= , which con-

cludes the proof.
Lemma 1 )y(F rank)y(H rank 0k ≥  at the thk −
iteration of (29).

As a consequence, if 0)y(F def 0 = , then  the system is

observable at any iteration k  ( 0)y(H def k = ).
Observability determination and restoration is per-
formed by extending the techniques of [16] on matrix
F . If the system is unobservable (number of pivots



0t ≠  during triangular factorization of FF T ), a mini-
mal set of t  additional nonredundant (critical) pseudo
measurements should be selected to make the network
barely observable, without affecting the estimated states
of the already observable part. A measurement is said to
be critical if its suppression from the measurement set
makes the network unobservable. We form a list of
candidate pseudo measurements, ordered by accuracy,
which includes:
1. Measurements of Iz  incident only to CBs (either

breaker flow or injection at a breaker end).
2. Injection measurements of Bz  incident to both CBs

and regular branches. In most cases they are zero
injections.

3. Flow or injection measurements of Az  incident
only to regular branches.

We select a candidate pseudo measurement from the list
and perform triangular factorization updating of matrix

FF T . If the deficiency t  is decreased, this
measurement is selected. This iterative procedure is
repeated until matrix FF T  becomes full rank.

7 BAD DATA ANALYSIS
Bad data in status and analog measurements are de-

tected and identified by statistical tests on )ŷ(J  and
normalized residuals Nr̂  respectively [18]. If

2
p,kX)ŷ(J > , bad data is detected; threshold 2

p,kX  is

obtained from a 2X  distribution with nmk −=  de-

grees of freedom and )p1( −  false alarm probability.
The normalized residuals are defined as:

r̂)diagP(r̂ 2
1

r N = (33)
where,

)ŷ(gzr̂ −= (34)
T-1-1

r H)HRH(H-R)r(CovP ==        (35)

Diagonal elements of rP  are derived by the sparse in-
verse matrix method [17]. Random vector Nr̂  has unit
normal distribution. We adopt a detection threshold of
3, corresponding to 0.003 false alarm probability. If

3r̂
maxi,N > , the thi −  measurement is flagged as bad

data. After a cycle of bad data removal, ŷ  and Nr̂  rees-
timation, all bad data can be identified. At flat start, any
circuit breaker lk −  has 0Vklkl == ∆δ∆  and

0QP klkl == . As a consequence, all status measure-

ments m
kls  of (19) become critical and if any of them is

flagged as bad data, it cannot be removed from the
measurement set. However, we can give very small
weights to such a bad status measurement m

kls  and dur-
ing subsequent iterations it may become noncritical, due
to values 0kl ≠δ∆  and 0Pkl ≠ , and may be corrected.

The ability to detect and identify bad data, depends
mainly on the measurement redundancy. We define the
global measurement redundancy as:

n/mr = (36)

where m , n  is the total number of measurements and
state variables respectively. More crucial to bad data
detection and identification is the local redundancy,
which is defined, for each node or substation k , as:

kkk n/mr = (37)

where km  comprises the number of measurements at
node or substation k  and all its neighboring nodes or
substations and kn  is the corresponding number of state
variables. A local redundancy of 26.1 ÷  is considered
to be optimal for a sufficient detection probability of
bad data. The detailed representation of switching de-
vices increases significantly the number of state vari-
ables and requires the availability of enough measure-
ments at the substation level, so that the system remains
observable and redundancy high. Without loss of gener-
ality, we assume that the measurement set consists of
pairs of P , Q  measurements. In general, for substation
i  with il  CBs and iN  nodes (bus sections), the number
of state variables is:

 iii l3N2n += (38)

In practice, for a substation i  we have:
− ii Nt <  terminal nodes of transmission lines or

transformers, taken as zero injections of Bz
− ii Nb <  internal substation nodes, taken as zero

injections of Iz
− ii lc ≤  flow measured circuit breakers
− il  status measurements of type (19)
− il4  pseudomeasurements of type (17-18)
− il2  pseudomeasurements of type (15-16)
Hence, the number of measurements at substation k  is:

 iiiii l7)cbt(2m +++= (39)

As a consequence, the local redundancy at any substa-
tion i  is significantly increased.

In the conventional state estimator, the bus/branch
model is built, by merging bus sections connected by
closed breakers into one or more network buses. Any
substation i  may be split into one or more buses and the
corresponding measurement set will include it  power
flows on transmission lines or transformers. As an ex-
ample, we consider the network of Fig. 5 and substation
4 , for which 5N4 = , 3t4 = , 2b4 = , 3c4 = , 6l4 = .
According to (38) and (39), 58m4 =  and 28n4 = . For
the computation of local redundancy 4r , nodes 1, 2, 14
(generalized SE) or buses 1, 2, 6 (bus/branch model of
the conventional SE) and their corresponding injections,
are taken into account. For the conventional SE the local
redundancy 4r  of bus 4  is 5.18/)62(r4 =×= .



Figure 5:  20 node power system and associated measurement set.

For the generalized SE the local redundancy 4r  of sub-
station 4  is 88.1)628/()658(r4 =++= . It is obvi-
ous that the local redundancy in generalized SE is in
general greater than that of the conventional SE due to
the additional pseudomeasurements, without any addi-
tion of extra real-time analog measurements.

8 TEST SYSTEM
The method is illustrated by a 20-node system and an
associated measurement set (Fig. 5). A direction is as-
signed arbitrarily to each breaker by an arrow. Substa-
tions 4 and 5, consisting of 6 breakers each, are modeled
in detail. The remaining substations are modeled as
single buses. In Fig. 5 the actual breaker statuses are
shown. Without loss of generality the δ−P  case is
examined and branch impedances are set equal to 0+j1.
The Jacobian matrix H , as defined in (30), is of full
column rank and the network is observable, since the
number of pivots t  in the triangular factorization of
matrix FF T , as defined by (32), is zero. Node 1 is the
angle reference node and the first columns of Jacobian
matrices AH  and BH  are omitted.

Breakers 1, 2, 3, 4, 7, 9, 10, 11 are telemetered as
closed. Breakers 5, 6, 8, 12 are telemetered as open.
Flow measurements 129P −  (on circuit breaker 9) and

1118P −  (on regular branch) have gross errors. Breaker
flows P8-6, P8-7, P9-11, P13-12 are modeled as zero pseudo
measurements of type (16) (open breakers). Breaker
angle differences 5-4δ∆ , 6-4δ∆ , 7-4δ∆ , 5-8δ∆ ,

10-9δ∆ , 12-9δ∆ , 1013−δ∆ , 1113−δ∆  are zero pseudo
measurements of type (15) (closed breakers). The values
of analog measurements are shown in Tables 3, 4 and 5.

Power injection 1P 2P 3P 14P 15P

Load flow value 1.0 1.0 2.0 -2.0 -3.0

Measured value 1.02 0.98 1.98 -2.03 -2.96

Table 3:  Values of power injections (in p.u.)

Power flow 54P − 74P − 58P − 109P − 129P − 1113P −

Load flow value 1.0 -1.0 1.0 2.0 -2.0 2.0

Measured value 1.02 -0.98 1.01 2.03 -0.75 1.97

Table 4:  Values of power flows on CBs (in p.u.)

Power Flow 1417P − 1618P − 1118P − 1719P − 1820P −

Measured value 0.02 3.95 -1.0 3.06 1.97

Load flow value 0.0 4.0 -2.0 3.0 2.0

Table 5:  Values of power flows on regular branches (in p.u.)



Injection measurements at nodes 4, 5, 6, 7, 8, 9, 10, 11,
12, 13 and 18 are zero injections. The estimated state

vector [ ]TTTT ŝ f̂ ˆŷ δ= is shown in Tables 6, 7 and 8.

Bus angles Estimated
values Bus angles Estimated

values

1δ 0.000 11δ -5.186

2δ 0.105 12δ -5.186

3δ -3.501 13δ -5.186

4δ -0.924 14δ -2.878

5δ -0.924 15δ -5.487

6δ -0.924 16δ -10.220

7δ -0.924 17δ -2.829

8δ -0.924 18δ -6.569

9δ -5.186 19δ 0.231

10δ -5.186 20δ -4.300

Table 6:  Estimated vector δ̂

Breaker
flows

Estimated
values

Breaker
flows

Estimate
values

54P − 1.144 109P − 1.794

64P − -0.309 119P − -0.503

74P − -0.835 129P − -1.291

58P − 0.809 1013P − -1.492

68P − -0.615 1113P − 1.886

78P − -0.194 1213P − -0.393

Table 7:  Estimated vector f̂

Breaker
statuses

Estimated
values

Breaker
statuses

Estimated
values

54s − 1.000 109s − 1.000

64s − 1.000 119s − 0.202

74s − 1.000 129s − 1.000

58s − 1.000 1013s − 1.000

68s − 0.274 1113s − 1.000

78s − 0.036 1213s − 0.134

Table 8:  Estimated vector ŝ

Bad analog measurements will be identified, based on
normalized residuals. After the first estimate ŷ  is cal-
culated, the five largest normalized residuals are:

Variable 129P − 68s − 1118P − 9 11s − 3P

i,Nr 76.759 63.276 53.869 53.714 52.760

Table 9:  The five largest normalized residuals (1st SE run)

Flow measurement 129P − , having the largest normalized
residual, is flagged as bad data, since

N ,i max
r 76.759 3= > . After eliminating this measure-

ment, the estimate ŷ  and the normalized residuals are
reevaluated. The five largest normalized residuals are
shown in Table 10.

Variable 1118P − 68s − 13 11P − 1820P − 1618P −

i,Nr 69.461 63.276 40.311 39.320 39.320

Table 10:  The five largest normalized residuals (2nd SE run)

Power flow 1118P −  has the largest normalized residual
and it is flagged as bad data, since

N ,i max
r 69.461 3= > . After removing this measure-

ment, the estimate ŷ  is reevaluated and the five largest
normalized residuals are shown in Table 11.

Variable 68s − 58P − 78s − 74P − 54P −

i,Nr 63.276 30.449 27.284 22.490 19.938

Table 11:  The five largest normalized residuals (3rd SE run)

Status measurement 68s −  of circuit breaker 5 is flagged

as bad data, with N ,i max
r 63.276 3= > . After removing

this measurement, all new normalized residuals have
3r̂ i,N < , meaning that all bad data have already been

eliminated. The new (correct) state vector ŷ  is com-
puted and shown in Tables 12 and 13.

Bus angles
δ̂

Estimated
values

Bus angles
δ̂

Estimated
values

1δ 0.000 11δ -5.929

2δ -0.042 12δ -5.929

3δ -3.935 13δ -5.929

4δ -1.027 14δ -3.040

5δ -1.027 15δ -5.955

6δ -1.027 16δ -11.841

7δ -1.027 17δ -3.021

8δ -1.027 18δ -7.897

9δ -5.929 19δ 0.039

10δ -5.929 20δ -5.921

Table 12:  Estimated vector δ̂



Breaker
flows ( f̂ )

Estimated
values

Breaker
statuses ( ŝ )

Estimated
values

54P − 1.011 54s − 1.000

64P − -0.029 64s − 1.000

74P − -0.982 74s − 1.000

58P − 1.001 58s − 1.000

68P − -0.999 68s − 1.000

78P − -2.6x10-3
78s − 6.5x10-6

109P − 2.016 109s − 1.000

119P − -8.1x10-3
119s − 6.5x10-5

129P − -2.008 129s − 1.000

1013P − -1.990 1013s − 1.000

1113P − 1.976 1113s − 1.000

1213P − 0.014 1213s − 1.3x10-4

Table 13:  Estimated vectors f̂  and ŝ

The erroreous telemetered status 64s −  of breaker 2
cannot be detected, because the estimated angle differ-
ence 646-4

ˆˆˆ δδδ∆ −=  is zero. However the estimated

power flow 64P̂ −  is very small and is an indication that
breaker 2 is actually open.

9 CONCLUSIONS
In this paper a new state estimation method was pre-

sented, for identification of breaker statuses in general-
ized state estimation. Any substation can be modeled in
detail, by extending the conventional WLS state esti-
mator and incorporating the active and reactive power
flows on circuit breakers and their statuses as state vari-
ables. Depending on breaker statuses, additional pseu-
domeasurements are introduced. Analog and status
measurements are treated as regular measurements.
Observability is performed for analog and topological
measurements. The )x̂(J -test and normalized residual
techniques are used for bad data detection and identifi-
cation. Depending on analog measurement redundancy,
correct breaker statuses can be estimated. The method is
illustrated by a 20 node system.
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