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Abstract - The paper presentsan optimal power flow
(OPF) formulation using an AC power systemmodel based
on curr ent nodal analysis. One of the principl e advantages
of the proposedformulation is all componentsof the OPF
problem are quadratic, which results in a constant Hessian
matrix. The proposedmodel is compared to the traditional
modelsusinginterior point point methodsapplied to testsys-
tems.
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1 Intr oduction

As openaccessmarketprinciplesareappliedto power
systems,anincreasedemphasison usingappropriatesys-
temmodeling will arise.Different transmissionline mod-
els using either bus voltage magnitudes and phasean-
glesor bus voltagesexpressedin rectilinearcoordinates
havebeenwell establishedin traditional OPFstudies,e.g.
[1, 2, 3]. In this paper, we proposea novel approach
to usecurrent and voltageequations for the OPF prob-
lem,versusthetraditional activeandreactivepowerequa-
tions. Although, nonlinear termsarepresentin the pro-
posedformulation,theHessianmatrixin theOPFproblem
is constant. The introduction of additional variables into
thepower systemmodel usingcurrent andvoltagebased
equationshasbeena strongdeterrent to usingthis typeof
formulation.Therapiddevelopment of computerarchitec-
turesfor large scaleproblemshaslessenedthis problem.
Theproposedmodelis comparedto thetraditional models
usinginteriorpointpoint methods[4] appliedto a sample
testsystem.

The paperis structured asfollows: In Section2, the
principle symbolsusedthrough-out thepaper aredefined.
A brief introductionandreview of theoptimalpowerflow
problem is presented in Section3. The proposedsystem
model for theoptimalpowerflow usedin theanalysispre-
sentedin thepaperis providedin Section4. In Section5,
theOPFformulationwith theproposedmodel is outlined.
A brief discussionof Interior Point Methodsis given in
Section6. An analysisof the resultsobtainedfrom ap-
plying the formulation to the testsystemis presentedin
Section7. Finally, Section8 summarizesthemaincontri-
butions of this paper.

2 Nomenclature

Sets:� : Setof all buses(nodes)������� : Setof all busesexcluding theslackbus����� : Slackbus��� : Setof all generatorbuses��	 : Setof all non-generatorbuses� � : Setof all transmissionlines��
 : Setof all transformerbranches�
� : Setof all transmissionlines connectedto
bus �� � : Setof all transformer branchesconnected
to bus �� � : Setof all loadsconnectedto bus �� � : Setof all generatorsconnectedto bus �

Variables:�
: Complex busvoltagevector�
: Complex current (branch,generator, load)

vector� : Transformertapratiovector� 
 : Receivingbus side complex transformer
current� 
 : Receivingbus side complex transformer
voltage

Subscripts:����� : indices� : realcomponentof a variable� : imaginarycomponentof avariable

3 Optimal Power Flow

The OPFproblem, introducedin the early 1960’s by
Carpentier, hasgrown into a powerful tool for power sys-
temoperationandplanning. In general,theOPFproblem
is anonlinearprogramming(NLP) problemthatis usedto
determinethe“optimal” controlparametersettingstomin-
imize a desiredobjective function, subjectto certainsys-
tem constraints [1, 3, 5]. Becauseof the restructuring of
powersystemutilities [6], differentOPFproblemsarenow
beingconsidered. Thedevelopment of numerical analysis
techniquesandalgorithms,particularly Interior Point(IP)
methods, allows large anddifficult problemsto besolved
with reasonable computationaleffort [1, 7]. Power sys-
temsare one of the areaswhereIP methods have been
successfullyapplied (e.g., [1, 8, 9, 10, 11]).

With the introduction of diverse objective functions,
the OPF problem representsa variety of optimization
problems[3], which includes,for example, active power



costoptimizationandactive power lossminimization [1].
OPFproblemsaregenerally formulatedasnonlinear pro-
grammingproblems(NLP) asfollows:

min ��� �"! (1)

s.t. : #$� �"!&%(') *+) � �"! * )
� * � * �

wherefor mostOPFformulations,thecomponents of (1)
canbedefinedasfollows:

, The systemvariables, denotedby the vector �.-/10
. Typically, the systemvariables includesvolt-

agemagnitudesandphaseangles,generator power
levelsandtransformertapsettings.

, The mapping �2� �3!54 /60879/
is a function that is

beingminimizedandcaninclude,for example,total
lossesin thesystemandgeneratorcosts.

, #$� �3!:4 /10;7</1=
typically representstheloadflow

equations.

, ) � �3!>4 /10?7@/1A
usuallystandsfor transmission

line limits, with lower andupper limits represented
by

)
and

)
, respectively. Lower andupperlimits

of the systemvariables, � , aregiven by � and � ,
respectively.

Onceformulated,theproblemcanbesolvedusingInterior
Point (IP) methods [2, 12], Sequential Linear Program-
ming (SLP)or SequentialQuadratic Programming (SQP)
[11, 13, 14]. SLP andSQPformulationscan be solved
usingwell developedLinearandQuadraticInterior Point
methods[11, 13]. Whenapplying SLPandSQPmethods,
convergencehasbeenshown to be dependenton a num-
berof factors,suchasgoodinitial conditionsandstepsize
control [14].

4 Power SystemModel

It is proposedin this paper, that the traditional AC
power flow equations usedto model the systembe re-
placedby a model usingcurrentsandvoltagesexpressed
in rectangular form. Using the nomenclaturedefinedin
Section2, thecomplex bus-voltagesaredefinedin rectan-
gularform as:

�CB �EDF% �HG�B �EDJILK � = B ��D MN�O- � (2)

wherethesubscripts� and � areusedto denoterealand
imaginary components,respectively. Similarly, complex
branch currents, loadcurrents, andgeneratorcurrents are
definedin rectangular form as:

� � B ��DP% � �RQ B �EDSILK � �RT B �ED MH�6- � � (3)� 
 B ��DU% � 
 Q B �EDSILK � 
 T B �ED MH�6- ��
 (4)� 	 B ��DV% � 	 Q B �EDSILK � 	 T B �ED MH�6- � 	 (5)� � B ��DW% � � Q B �EDSILK � � T B ��D MH�6- ��� (6)

wherethe subscripts X , Y , Z , and [ indicate transmission
line branches,transformerbranches,loads,andgenerators
respectively.

Foreachbusin thesystem,aKirchhoff ’sCurrent Load
(KCL) equationis writtenfor therealandimaginarycom-
ponents of thecurrent. This hasananalogy with the tra-
ditional loadflow equations thatarenormally written for
eachbus. Therefore, for eachbus in the systemthe fol-
lowing equalityconstraintsmustbemet:

\ % ]�^`_ba � � Q B �2DJI ]�^`c a � 
 Q B �2D
I ]2^ed a � 	 Q B �2Dgf ]�^`h a � � Q B ��DiMH�O- � (7)

\ % ]�^e_ a � � T B ��DgI ]2^ec a � 
 T B �2D
I ]�^`d T � 	 T B ��D
f ]�^`h a � 	 T B ��DiMN�6- � (8)

Therelationshipbetweenthecurrentsdefinedin equa-
tions(7) and(8) andthenodalvoltageswhich will bethe
principle variables in the OPFformulation areeasilyde-
finedusingtraditionaltechniques.For example, thetrans-
missionlinebranchcurrents(asillustratedin Figure1)can
bewrittenas:

�kj % � �lBnm DJf �lBno DE! p (9)

% � �lBnm DJf �lBno DE!R� qrIts�uv!
% �R� ��GwByx DSILK � = Bzx DE!{f|� �HG}Bz~ DgILK � = Bz~ DE!�!R����ILKN�C!
% �R� � G Byx D
f � G Bz~ DE!E��f|� � = Byx DSf � = By~ DE!��5!
% I1KS�R� � G Bzx DSf � G By~ DE!���I�� � = Byx DSf � = By~ DE!���!

� � Q %�� �HG}Bzx D
f �HG�Bz~ D !��+f|� � = Bzx Dgf � = Bz~ DE!E� (10)� � T %�� �HG}Bzx D
f �HG�Bz~ D !���I�� � = Byx DSf � = By~ DE!�� (11)
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Figure 1: TransmissionLine Diagram

For the proposedformulation, the relationship be-
tweenthe complex current associatedwith transformers
and the bus voltagesis derived by modeling the trans-
former as an ideal transformer in serieswith a series
impedanceasillustratedin Figure 2. To ensurethatpower
systemmodel remains quadratic, two additional current
andvoltagevariablesareintroducedasfollows:

�2� � 
 Q % � 
 Q , �2� � 
 T % � 
 T MH�O- �H
 (12)

�H� Q % � � ��� Q ,
�H� T % � � �H� T MH�O- � 
 (13)



where � � is the off nominal tap setting of transformer

�5- ��
 and � � � QE� T and �� 
 Q�� T areintroducedto simply the
equationsdescribingthecurrentvoltagerelationshipatthe
sendingandreceivingbuses.
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Figure 2: TransformerSingle Line Diagram

A pi model is usedto incorporatethe shunt capacitance
to ground. Using equations (12) and(13), Figure2, and
the transmissionline equations (10) and (11), the volt-
age/current relationshipfor the transformer branchescan
bewrittenasfollows:

�`G�Bzx Dv%�� � ��G}Byx DSf �HG}By~ DE!���f|� �� = Bzx DSf � = Bz~ D !�� (14)� � Bzx Dv%�� � ��G}Byx DSf �HG}By~ DE!���I�� �� = Bzx Dgf � = Bz~ DE!E� (15)

�eG�Bz~ D:%�� ��G�Bz~ DSf � �HG�Bzx DE!���f|� � = Bz~ DSf � � = Byx DE!�� (16)�eG�Bz~ D:%�� ��G�Bz~ DSf � �HG�Bzx DE!���I�� � = By~ Dgf � � = Bzx D !�� (17)

Finally, the relationshipbetweenthe real and reactive
power, andthe complex current for generatorsandloads
is determined usingthefundamentaldefinition of complex
power asfollows:

� % ��ILKN� (18)

� ��G ILK � = !R� �`G ILK � = !R��% ��ILKN�
� �HG ILK � = !R� �bG f8K � = !P% ��ILK
�

Therefore,for generatorsandPQloads:

� % ��G��`G I � = � = (19)

� % f � G � = I � = � G
(20)

The above equalityequations, particularly equations
(7, 8, 10-13, 16, 17, 19, 20) areusedto replacethe tra-
ditional power flow equations. It shouldbenotedthatthe
above equations arestrictly linearor quadratic. Thereare
nohigher order termsor sinusoidalexpressions.

Traditional limits, suchasvoltagelimits canbeincor-
poratedby definingthevoltagemagnitudeat a particular
busin termsof thecomplex voltageasfollows:� = � � B �ED�� * �HG}B ��D���I � = B ��D�� * � =6��� B �ED��UMN�:- � (21)

Furthermore, transmissionline limits are definedin
termsof the actualcurrent limit, versusthe more tradi-
tional approximation of defining transmissionline limits
in termsof power.

All the functions in the above formulation are
quadratic. This presentsthe following numerical ad-
vantageswhenincorporating this equationsto modelthe
power system

1. The Taylor seriesexpansionof a quadratic func-
tion �2� �3!1%r�� �g�"�t� terminatesat thesecond-order
termwithout truncation error, i.e.,

�����
]

IC�>�"!&%���� �
]
!�Il� �

]
! � �5�t��I  ¡ �t� � �5�t�

(22)

2. TheHessianof ��� �"! is constant(wheretheHessian
is definedas ¢£�¥¤1!&%|� ).

3. Thesecond-ordertermsin (22)canbeeasilyevalu-
ated.

Theseadvantagesarethe sameas thosepresentedin
[2] for a quadratic model. In [2], a quasi-quadraticpower
systemmodelis presentedusingthetraditional powerflow
equationswith rectangular voltages.

5 OPF Formulation

In this sectionthe power systemmodel presented in
Section4 is usedto formulateanOPFproblemof theform
givenby equation (1). For simplicity, theobjectivewill be
set to minimize the active power costsof the generators
in thesystem.This formulation,canbeeasilychangedto
incorporatebids from various generators,aswasin done
in [15]. Theobjective function is writtenas:

��� �"!&% � ^e¦k§ x�¨ I x � � � I x � � �� (23)

wherethe constants
x ¨

,
x � , x � represent the coefficients

associatedwith thequadratic operating costmodelof the
generators[1]. In theproposedmodel,thevectorof sys-
temvariables,� , is composedof thefollowing:

�l%

© G�B �ED �O- �© = B �EDU�6- �H�2���� � Q B �ED �O- �H�� � T B �ED �O- �H�� 	 Q B �ED �6- � 	� 	 T B �ED �6- � 	� � Q B �ED �O- ���� ��T B ��D �O- � �
� � B �ED �O- � �
� � B �ED �O- � �� B �ED �O- ��
� 
 Q B ��D �O- � 
� 
 T B ��D �O- ��
� 
 Q B ��D �O- ��
� 
 T B �ED �O- � 


(24)

where© = at theslackbusis constantandequal to zero.

Thesetof equalityconstraintsbasedon therectangu-
lar current andvoltageequations presented in Section4
areasfollows:



#$� �"!&%]�^`_ba � �RQ B ��DSI ]�^`dªa � 	 Q B �2DSf ]�^eh�a � 	 Q B ��D �6- �]2^e_ a � � T B ��DgI ]2^ed T � 	 T B �2DSf ]�^eh a � 	 T B ��D@�6- �
� ��«3¬ f �H«®­ !E��f(� ��¯ª¬ f �H¯°­ !���f �`« �6- �H�
� ��«3¬ f �H«®­ !E��I�� �H¯ª¬ f �H¯°­ !���f �`« �6- �H�� � 	 f � 	 �6- ��
� � 	 f � 	 �6- � 

� �H«3¬ f �H«®­ !E��f(� ��«3¬ f �H¯°­ !��+f � ��± �6- � 

� � «3¬ f � «®­ !���I�� � «3¬ f � ¯°­ !���f � �³² �6- ��
� « � « I � ¯ � ¯ f´� B �ED �O- � �

f � « � ¯ I � ¯ � « f´� B �ED �6- � �
(25)

Finally, theinequalityconstraintsusedto representthe
bus voltages,transmissionline and transformer thermal
limits, generatorpower limits, andtransformer tap limits
areasfollows:) � �3!1%

� = � � B �ED � * �HG}B ��D � I � = B ��D � * � =O��� B �ED � MH�6- �
� = � � B �ED * � B ��D * � =6��� B �ED MH�O- �H�
� = � � B ��D * � B �ED * � =O��� B ��D MH�O- �H�� = � � B ��D � * �`G}B ��D � I � = B �ED � * � =O��� B ��D � MN�O- ���� = � � B ��D � * �`G}B ��D � I � = B �ED � * � =O��� B ��D � MH�6- ���� = � � B ��D � * �`G}B ��D � I � = B �ED � * � =O��� B ��D � MN�:- � 
� = � � B �ED * � B �ED * � =6��� B �ED MH�6- � 


(26)

Additional constraints,canbeeasilyincorporatedinto the
abovemodelif required. ThenonlinearOPFproblem for-
mulatedabove is non-convex.

As discussedin Section4, the above OPF formula-
tion is quadratic, which canenhancethe numerical per-
formancewhensolvingtheoptimization problem[2]. The
disadvantageof theproposedmodel, is theincreasednum-
ber of variablesintroduced into the problem. It is pro-
posedthatenhancementsin interior point methods, limits
thedisadvantageof introducingadditional variables,since
theobjective andconstraintsarequadratic.

6 Interior Point Methods

Optimizationtechniques, in particular Interior Point
Methods, have beenrepeatedlyenhanced over the last
decade [4, 16]. The development of numerical analysis
techniquesandalgorithms,particularly InteriorPoint(IP)
methods,allows largeanddifficult problemsto besolved
with reasonablecomputationaleffort [1, 7]. Power sys-
temsare one of the areaswhere IP methods have been
successfullyapplied (e.g., [1, 8, 9, 10, 11]). Oneof the
morecommonly applied IP methodsis thePrimal-DualIP
method [2, 8].

For the purposeof the researchpresentedin this pa-
per, the Nonlinear Interior Point programLOQO [17] is
usedto solve the proposedOPFformulations. LOQO is
basedon a sequentialquadratic primal-dual interior point
method [17]. The modeling language AMPL [18] was
usedto formulatetheproblem.

7 Numerical Simulations

Therectangularcurrent andvoltagebasedOPFformu-
lation is testedon a systembasedon theIEEE 30 bustest
system[19]. Thefirst stagein implementing theproposed
OPF formulationwas to develop a load flow solutionto
demonstratefeasibility. This wasdone usingMatlab[20].
Theresultswhensolvingtherectangularcurrentandvolt-
ageloadflow indicatedthemodelwasrobustandnumeri-
cally stable.

For the testsystem,theOPFwassolvedusingbotha
traditional AC powersystemmodel basedonvoltagemag-
nitudesandphaseanglesaswell asthe proposedformu-
lation. Thesolutionfrom eachformulationwastestedfor
feasibility using the other formulation. To improve the
numerical performanceof the proposedformulation, an
additional constraint that the real componentof the bus
voltagesmustbepositivewasintroduced.

Figure 3 is a plot of the bus voltagemagnitudesfor
thesolutionobtainedusingthe traditionalAC modeland
theproposedmodel.Fromthis figure,it canbeseen,that
the two methods to model the systemareequivalentand
converge to thesameoptimalsolution,asexpected.
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Figure3: BusVoltageMagnitudesfor theTraditionalandProposedOPF
Formulations

The running time of the traditional methodwas ap-
proximatelyfifty percentfasterthantheproposedmethod.
This was attributed to the fact that the proposedformu-
lation required 36 iterations to converge versus20 itera-
tionsfor thetraditional formulation.Thetime to compute
theHessianmatrixfor theproposedformulationwasthree
timesfasterthanthetraditional method.

8 Conclusions

In thispaper, anOPFformulationwasproposedbased
on a rectangular current nodal analysisversusthe tradi-
tional power flow. Theadvantage of theproposedformu-
lationis theHessianmatrixof theoptimization problemis
convex. This resultedin significantlyfastertimesto cal-
culatethe Hessianmatrix. The greatestdisadvantage of
theproposedmethod, is theincreasednumberof variables
versusoneof the traditional models. Further numerical



studiesµ will be performedon larger systemto betterde-
termine the general characteristics of the proposedOPF
formulation.
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