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Abstract - The paper presentsan optimal power flow
(OPF) formulation using an AC power systemmodel based
on current nodal analysis. One of the principl e advantages
of the proposedformulation is all componentsof the OPF
problem are quadratic, which resultsin a constantHessian
matrix. The proposedmodel is compared to the traditional
modelsusinginterior point point methodsappliedto testsys-
tems.
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1 Intr oduction

As openaccessnarketprinciplesareappliedto power
systemsanincreasedemplasison usingappopriatesys-
temmodelirg will arise.Different transmissiorine mod-
els using either bus voltage magritudes and phasean-
glesor bus voltagesexpressedn rectilinearcoodinates
have beenwell establishedh traditioral OPFstudiesge.g.
[1, 2, 3]. In this paper we proposea novel apprach
to usecurrert and voltage equatims for the OPF prab-
lem, versusthetraditioral active andreactve powverequa-
tions. Although, nonlineartermsare presentin the pro-
posedormulation,theHessiamatrixin the OPFprablem
is constah The introduction of additioral variadesinto
the power systemmockl usingcurrern andvoltagebased
equdaionshasbeena strongdeterrento usingthis type of
formulation. Therapiddevelopmeri of computerarchitec-
turesfor large scaleprodemshaslessenedhis prodem.
Theproposedmodelis comparedto thetraditioral mockls
usinginterior point point methals[4] appliedto a sample
testsystem.

The paperis structurel asfollows: In Section2, the
principle symbolsusedthrough-ou the paper aredefined.
A briefintroduction andreview of the optimal power flow
problemis presentd in Section3. The proposedsystem
mockl for theoptimalpowerflow usedin theanalysigpre-
sentedn the paperis providedin Sectiond. In Section5,
the OPFformuation with the proppsedmocdel is outlined.
A brief discussionof Interior Point Methodsis given in
Section6. An analysisof the resultsobtainedfrom ap-
plying the formulation to the testsystemis presentedn
Section?. Finally, Section8 summaizesthe main contri-
butions of this paper
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2 Nomenclature

Sets:
n . Setof all busegnhocks)
sy . Setof all busesexcluding the slackbus
Nsb . Slackbus
g . Setof all geneatorbuses
m . Setof all nongeneatorbuses
i . Setof all transmissionines
N . Setof all transfomerbrarches
i . Setof all transmissiorines conrectedto
busi
Si . Setof all transforner brarchesconrected
to busi
G . Setof all loadsconrectedto bus:
0i . Setof all geneatorsconnetedto busi
Variables:
V . Compl« busvoltagevecta
I : Compl« curren (branch,generatg load)
vecta
a : Transfamertapratiovecta
I, Receivingbus side comgex transfamer
current
Vi Receivingbus side comgex transfamer
voltage
Subscripts:
i,k . indices
r :  realcompnentof avariabe
m . imagimry commnentof avariable

3 Optimal Power Flow

The OPF problem introdwcedin the early 1980's by
Carpentierhasgrown into a powerful tool for power sys-
temopeationandplannirg. In gereral,the OPFprodem
is anonlinearprogamming(NLP) problemthatis usedto
determirethe“optimal” controlparaméer settingsto min-
imize a desiredobjedive function subjectto certainsys-
tem constrains [1, 3, 5]. Becauseof the restructuing of
powersystenutilities [6], differentOPFprablemsarenow
beingconsideredThe developmer of numeical analysis
techniqiesandalgoithms, particdarly Interior Point(IP)
method, allows large anddifficult problemsto be solved
with reasonble computationaleffort [1, 7]. Power sys-
temsare one of the areaswhere IP methals have been
successfullyapgied (e.g, [1, 8,9, 10, 11]).

With the introduction of diverse objedive functions,
the OPF prablem representsa variety of optimization
prodems|[3], which includes,for examge, active power
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costoptimizationandactive power lossminimizaion [1].
OPFproddemsaregeneally formulatedasnonlinear pro-
granming problems(NLP) asfollows:

min f(x) @)
s.t.: g(x)=0

<h(x)<h

x<x<X

wherefor mostOPFformulations,the componerts of (1)
canbedefinedasfollows:

e The systemvariablles, denotedby the vecta x €
R4, Typically, the systemvariables includes volt-
agemagntudesandphaseangles generato power
levelsandtransfomertapsettings.

e Themappimg f(x) : ¢ — R is afundion thatis
beingminimizedandcaninclude for exanmple, total
lossesdn the systemandgeneatorcosts.

e g(x): NI — R™ typically repesentsheloadflow
equatioss.

e h(x) : ¢ — NP usuallystandsfor transmission
line limits, with lower andupper limits represented
by h andh, respectidy. Lower andupperlimits
of the systemvariabes, x, aregiven by x andx,
respectrely.

Onceformulated theprodem canbesolvedusinginterior
Point (IP) method [2, 12], Sequetial Linear Progam-
ming (SLP) or SequentiaQuadatic Progranming (SQP)
[11, 13 14). SLP and SQPformuations can be solved
usingwell developedLinearandQuadraticinterior Point
methals[11, 13]. Whenapplying SLPandSQPmethod;,
convergencehasbeenshavn to be depelenton a num-
berof factors,suchasgoodinitial corditionsandstepsize
contol [14].

4 Power SystemModel

It is proposedin this paper that the traditiond AC
power flow equatios usedto mocel the systembe re-
placedby a mocel usingcurrentsandvoltagesexpressed
in rectanglar form. Using the nomenclaturedefinedin
Section2, thecomple bus-wltagesaredefinedin rectan-
gularformas:

Vi) = Vi[i] + jVin[i] Vi en 2
wherethe subscripts andm areusedto denoterealand
imagimary commnents,respectrely. Similarly, compex
brarch currents, load currents, andgeneator curreris are
definedin rectangtar form as:

Lli] = Iy, [i] + jl,[1] Vien (3)
Lli] =1, [i] + 1y, [i] Vi e (4)
Lli) =10+ jh,li] vien (5
Lli] = Iy, [i] + jI,,, [i] Vien, (6)
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wherethe subscrips b, t, [, and g indicae transmission
line brancles,transfomerbrancles,loads,andgeneators
respectrely.

Foreachbusin thesystemaKirchhaoff’s Curren Load
(KCL) equatioris written for therealandimaginarycom-
ponants of the current. This hasananaloy with the tra-
ditional load flow equatios thatare nomally written for
eachbus. Therdore, for eachbusin the systemthe fol-
lowing equalitycorstraintsmustbe met:

0="> T, [k + > I [K]

kevy; keg; (7)
+ ) Lk =) I, [k] Vien
kEC; k€o;
ke keEg; . (8)
+ ) L,[kl- > L,k Vien
kECm ke@i

Therelatiorshipbetweerthecurreris definedin equa-
tions (7) and(8) andthe nodalvoltageswhich will bethe
principle variadesin the OPFformuation are easily de-
finedusingtraditionaltechnques.For examge, thetrans-
missionline brarchcurreris (asillustratedin Figurel) can
bewritten as:

L = (V[]-V[d)Y (9)
= (Vle] = VId))(G +jB)
= ((Ve[d +jVmle]) = (Veld] + jVin[d]))(G + 1 B)
= ((Vile] = Vo[d))G — (Vinle] = Vin[d]) B)

= +i((Veld -

Vold)) B + (Vin[e] = Vin[d])G)

Figure 1: TransmissiorLine Diagram

For the proposedformulation, the relationslip be-
tweenthe complex current associatedvith transfomers
and the bus voltagesis derived by modelingthe trans-
former as an ideal transfomer in serieswith a series
impedanceasillustratedin Figure 2. To ensurghatpower
systemmodel remairs quadatic, two additioral current
andvoltagevariablesareintroducedasfollows:

al, =1, , al, =1  Vien (12)

Vo =a; Ve, Ve, =a; Ve Vien (13)

m
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where a; is the off nomiral tap setting of transfomer
i € ny andV, andr;, . areintroducedto simply the

Cr/m

equaionsdescribinghecurrentvoltagerelationshipatthe
sendingandreceivingbuses.

| al -~
_t e It
—
*~ z —e
+ i t +
Vc Vc Vd
o L J

Figure 2: TransformeiSingle Line Diagram

A pi mockl is usedto incorporatethe shurt capacitance
to grourd. Using equatims (12) and(13), Figure2, and
the transmissionline equatios (10) and (11), the volt-
age/curentrelationshipfor the transforner brarchescan
bewritten asfollows:

—_— e~ —~—

Ll = (Vild -~ Vild)G — (Vild] — Viuld))B (14)
Lld = (Vild — Vild)B + (Vnle] ~ Vild)G (15)

L{d) = (V,[d) = aV, ()G — (Vinld] — aVin[c]) B (16)
L,1d] = (Vi[d] — aVi[e]) B+ (Viuld] — aViule)G (17)

Finally, the relationshipbetweenthe real and reactve
power, andthe complex current for geneatorsandloads
is determind usingthefundamentabefinition of compex
power asfollows:

S = P+jQ (18)
(Ve +3Vi)Ur +In)" = P+jQ
(Ve + V)L = jl) = P+jQ
Theefore,for geneatorsandPQloads:
P = VI, +Vy,l, (29)
Q = -Vil,+ VI, (20)

The above equality equatiors, particdarly equatios
(7, 8, 10-13, 16, 17, 19, 20) areusedto replacethe tra-
ditiond powerflow equdions. It shouldbe notedthatthe
above equatios arestrictly linearor quadatic. Thereare
no higher ordertermsor sinusoidakexpressions.

Traditioral limits, suchasvoltagelimits canbeincor
poratedby definingthe voltagemagnitude at a particular
busin termsof thecompex voltageasfollows:

Vinin[i]” < Vo [il® + Vinli]® < Vinae[i* Vien (21)

Furthernore, transmissionline limits are definedin
termsof the actualcurrent limit, versusthe more tradi-
tional appraimation of defining transmissiorline limits
in termsof power.

All the functions in the above formulation are
quadatic. This presentsthe following numeical ad-
vantageswhenincorporatirg this equationsto modelthe
power system
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1. The Taylor seriesexpansionof a qualratic func-
tion f(x) = 1x” Ax terminatesatthesecond-cder
termwithout truncdion error, i.e.,

Bt 4 Ax) = £(x) + (5T AAX + SAXT AN
(22)

2. TheHessiarof f(x) is corstant(wherethe Hessian
is definedasH(z) = A).

3. Theseconderdertermsin (22) canbeeasilyevalu-
ated.

Theseadwantags are the sameasthosepresentedn
[2] for aquadatic modd. In [2], aquasi-gadraticpower
systemmodelis presetedusingthetraditiond powerflow
equatimswith rectanglar voltages.

5 OPF Formulation

In this sectionthe power systemmodé preseted in
Sectiord is usedto formulateanOPFprodem of theform
givenby equaion (1). For simplicity, the objectve will be
setto minimize the active power costsof the geneators
in the system.This formulation,canbe easilychangdto
incorporatebids from various geneators,aswasin done
in [15]. Theobjective functionis written as:

f(X) = Z co+c1 P+ CQF),L'Q (23)

1€Mg

wherethe constants:, ¢, co representhe coeficients
associateavith the quadatic operatirg costmodelof the
geneators[1]. In the proposedmodel,the vectorof sys-
temvariablesx, is compasedof thefollowing:

[ weli]  ien ]
Um [Z] 1 € Tnsh
Iy, [i] TEM
I, [i] i€
L[l ien
Ll ien
Iy [i]  i€ng

x = [Lgnlil i€, (24)

Pyli]  ieng

Qqli] i€emn,
a[z] 1€ Mt

I, i) iem

L[l iem

Voll iemn

Vil iem |

wherev,, attheslackbusis constantindequal to zera

The setof equalityconstraintsdbasedon therectangu
lar current and voltageequatios preseted in Section4
areasfollows:
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g(x) =
[ Zkew Ib'r‘ [k] + Zkeg IIT [k] - Zkegi Ilr [k] (RS n i
Zkeyi Iy, [k] + Zkegm I, [k] = Zk}e@i L, k] ien
(VRz - VRk)G - (Vfl - ka)B —Ir (ASN/T3
(VRl *VRk)B-f—(V[L *ij)GflR T E My
aVi -V, LE
a I[ — I_l 2 € Mt
(Vr, — VR, )G — (Vr, — V1, )B — Ill LE N
(VRL — VRk)B + (VRL — ‘/}k)G — Ii] 1 E ur
VRIR+V[II*P[’L'] ’i€77g
L ~VrIr + Vilr — Q[i] i € g
(25)

Finally, theinequalityconstraintsisedto representhe
bus voltages,transmissiorline and transfomer thernal
limits, gereratorpower limits, andtransfomer tap limits
areasfollows:

h(x) =
Vinin[i]? < Vi [i]? + Vinli]? < Vinaeli]* Vi€
Prinli] < Pli] < Prasli] Vi € ng
Qmin [7] < Q[Y] < Qmax [7] Vi€ Mg
Lnin[i]? < L + Inlil? < Imasli]®> Vi €1,
Lninli]? < L[ + Ln[i]? < Lnasli]®> Vi€ m
Imi‘n[i]2 S IT[Z]2 + IWL[Z]Z S Imllf [7] V’L € "t
L amin[i] < CLM < Gmaz [Z] Vi € Mt |

(26)

Additional constrants, canbe easilyincomporatednto the
above modelif requred. ThenonlinearOPFprodem for-
mulatedabove is non-cornvex.

As discussedn Section4, the abore OPF formula-
tion is quadatic, which can enhancethe numerical per
formancewhensolvingthe optimizatian problem[2]. The
disadantageof thepropsedmodd, is theincreasechum-
ber of variablesintrodwced into the problem. It is pro-
posedhatenhanementdn interior point method, limits
thedisadantageof introducingadditiona variablessince
the objective andconstraintarequadatic.

6 Interior Point Methods

Optimizationtechniqes, in particularInterior Point
Methods, have beenrepeatedlyenhared over the last
decae [4, 16]. The developmen of numerical analysis
techniqgiesandalgorithmns, particdarly Interior Point(IP)
methals, allows large anddifficult prodemsto be solved
with reasoable computationaleffort [1, 7]. Power sys-
temsare one of the areaswhere IP method have been
successfullyapgied (e.g.,[1, 8, 9, 10, 11]). Oneof the
more commanly apgied IP methalsis thePrimal-DuallP
methal [2, 8].

For the puposeof the researcipresentedn this pa-
per, the Nonlinea Interior Point program LOQO [17] is
usedto solve the proppsedOPFformulations. LOQO is
basedon a sequentiafuadatic primd-dual interior point
methal [17]. The modelirg languge AMPL [18] was
usedto formulatethe problem.
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7 Numerical Simulations

Therectanglar current andvoltagebasedOPFformu-
lationis testedon a systembasedn the IEEE 30 bustest
system[19]. Thefirst stagein implementing thepropased
OPFformulationwasto develop a load flow solutionto
demorstratefeasibility. Thiswasdore usingMatlab[20].
Theresultswhensolvingtherectanglar currentandvolt-
ageload flow indicatedthe modelwasrobustandnumei-
cally stable.

For thetestsystemthe OPFwassolved usingbotha
traditioral AC powersystemmocel basednvoltagemag-
nitudesand phaseanglesaswell asthe proposedformu-
lation. The solutionfrom eachformulationwastestedfor
feasibility using the othe formuation. To improve the
numeical perfamanceof the proposedformulation, an
additioral constraim that the real componentof the bus
voltagesmustbe positive wasintroduced.

Figure 3 is a plot of the bus voltage magnitulesfor
the solutionobtainedusingthe traditional AC modeland
the proppsedmodel. Fromthis figure,it canbe seenthat
the two methals to modé the systemare equivalentand
converge to the sameoptimalsolution,asexpected
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Figure 3: BusVoltageMagnitudesfor the TraditionalandPropose®PF
Formulaions

The ruming time of the traditioral methodwas ap-
proximatelyfifty perentfasterthanthe proposedmethal.
This was attributed to the fact that the proposedformu-
lation requred 36 iteratiors to converge versus20 itera-
tionsfor thetraditioral formulation. Thetime to compute
theHessiarmatrixfor the propsedformuation wasthree
timesfasterthanthetraditioral method

8 Conclusions

In this paperanOPFformulationwaspropsedbased
on a rectanglar current nodal analysisversusthe tradi-
tional power flow. Theadwantag of the proposedformu-
lationis the Hessiammatrix of the optimizatian problemis
corvex. This resultedin significantlyfastertimesto cal-
culatethe Hessianmatrix The gredestdisadwantaye of
thepropsedmethdal, is theincreasechumber of variables
versusone of the traditioral mocels. Furthe numerical
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studieswill be performedon larger systemto betterde-
termire the geneal charactestics of the proposedOPF
formulation.
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